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ABSTRACT

PYTHAGOREAN TRIPLES AND FERMAT'S LAST THEOREM

By

Melanie L. "Goldie" Davis, M. S.

Texas Southern University, 1993

Professor Robert Nehs, Advisor

This is the study of the Diophantine equations, in

particular, Pythagorean Triples and Fermant's Last Theorem.

The main objective of this survey is to show the

nonexistence of a solution to prove or disprove the equation

for all n where n is a natural number larger than 2.
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CHAPTER I

INTRODUCTION

Of all the branches of mathematics, the one that seems to

appeal most to our esthetic feelings is number theory,

considered by many to be the queen of mathematics. Why is

that so? Some people believe that this strong esthetic appeal

is due to the very limited practical usefulness of number

theory. However, there is another reason. In hardly any

other branch of mathematics is it possible to ask really

significant, non-trivial questions without preceding them by

an annoyingly long list of definitions. In number theory, on

the other hand, one can ask many questions in such simple

terms that the famous "man in the street" can immediately

understand but may not be able to answer them. The answers to

some,of these "simple to ask" questions are so difficult that

nobody has yet found them. In particular, one of these

questions is known as Fermat's Last Theorem.

Fermat's problem, also called Fermat's Last Theorem, has

attracted the attention of mathematicians for more than three

centuries. Many clever methods have been devised to attack

the problem, and many beautiful theories have been created

with the aim of proving the theorem. Yet, despite all the

attempts, the question remains unanswered.

1
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Pierre de Fermat (1601-1665) was a French j udqe who lived

in Toulouse. He was a universal spirit, cultivating poetry,

Greek philology, law but mainly mathematics. His special

interest concerned the solutions of equations in integers

known as Diophantine equations.

For example, Fermat studied equations of the type

X2 - dy2 = ± I, where d is a positive square-free integer

(that is without square factors different from. 1), and he

discovered the existence of infinitely many solutions. He has

also discovered which natural numbers n may be written as the

sum of two squares, namely, those with the following property:

every prime factor p of n which is congruent to 3 modulo 4

must diyide n to an even power.

[Fermat wrote: It is impossible to separate a cube into

two cubes, or a biquadrate into two biquadrates, or in general

any power higher than the second into powers of like degree;

I have discovered a truly remarkable proof.]{13 Lectures on

Fermat's Last Theorem.) In modern language, Fermat's

statement means: The equation X" + y" = Z", where n is a

natural number larger than 2, has no solution in integers all

different from o.

No proof of this statement was ever found among Fermat's

papers. He seldom published his work and often the only

records of what he did are statements of theorems he

discovered, usually given without proofs, in letters to his

friends, in notebooks, in margins of books that he read and so
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on. However, he did write a proof that the equations

X4 - y4 = Z2 and X4 + y4 = Z2 have no solutions in integers all

different from o.

with very few exceptions, all Fermat's other assertions

have now been confirmed. So this problem is usually called

Fermat's Last Theorem, despite the fact that it has never been

proved.

Fermat's most notable erroneous belief concerns the

numbers r; = 22n+l, which he thought were always prime. But

Euler showed that 641 is a factor of fs = 232 + 1. Sierpinski

and Schinzel pointed out some other false assertions made by

Fermat.

In trying to prove Fermat's theorem for every positive

integer n � 3, Gauss made the following observation. If the

theorem holds for an integer m and n = tm is a multiple of m,

then it holds also for n. For, if X,y,z are nonzero integers

and x" + y" = z" then (x") m + (yt) m
= (z") m, contradicting the

hypothesis. Since every integer n � 3 is a multiple of 4 or

of a prime p � 2, it suffices to prove Fermat's conjecture for

n = 4 and for every prime p ¢ 2.

The statement of Fermat's Last Theorem is often

subdivided further into two cases:

The first case holds for the exponent p when there

do not exist integers x,y,z such that p/xyz and xP + yP = zp.

The second case holds for the exponent p when there
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do not exist integers x,y,z, all different from 0, such that

p I xyz, gcd ( x , y , z) = 1 and xP + yP = zp.

If one could find a set of numbers that do not fit into

either of the two cases then maybe one could disprove his

theorem.

It was already known in antiquity that a sum of two

squares of integers may well be the square of another integer.

Pythagoras was supposed to have proven that the lengths a,b,c

of the sides of a right-angle triangle satisfy the relation

a2 + b2 = c2;

so the above fact just means the existence of such triangles

with sides measured by integers.

But the situation is already very different for cubes,

biquadrates and so on. Fermat's proof for the case of

biquadrates involved the use of a method for which he is

credi ted for inventing known as "infinite descent." This

method of infinite descent is nothing but the well-ordering

principle of the natural numbers.

Fermat's Last Theorem aroused the interest of

mathematicians and some of the best minds turned to it. Euler

considered the case where n = 3. He was led to studying odd

cubes a2 + 3b2 (with a,b relatively prime), and forms of their

divisors; he concluded the proof by the method of infinite

descent.

Gauss gave another proof for the case of cubes. His

proof was not "rational" since it involved complex numbers.
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This proof was an early incursion into the realm of number

fields, i.e., those sets of complex numbers obtained from the

roots of polynomials by the operations of addition,

subtraction, multiplication, and division.

In 1825, Dirichlet attempted to prove the theorem for the

case n = 5. In fact his proof was incomplete, which was

pointed out by Legendre, who provided an independent and

complete proof.

1828.

Dirichlet then completed his own proof in

In Chapter 2, the basic properties of the integers and

important theorems needed to solve Fermat's Last Theorem for

n = 3 and 4 are discussed. In Chapter 3, the pythagorean

triples and some new ways of finding the Pythagorean triples

are covered. Chapter 4 is devoted to proving Fermat's Theorem

for n = 3 and 4.



CHAPTER 2

BASIC PROPERTIES OF THE INTEGERS

The first three sections of this chapter are devoted to

divisibility and prime numbers, as well as to the information

about integers that the concept of division can provide.

Given any two integers, one can always add, subtract, or

mul tiply them, and again obtain an integer. This is no longer

the case with the operation of division. All the sections in

this chapter are useful in studying Fermat's Theorems. Let Z

denote the set of integers and N denote the set of natural

numbers.

2.1. Divisibility

Definition 2.1.1. If a and b are in z and a � 0, then

a divides b means that there is an integer c such that

b = ac. We write this as alb.
If alb we say that a is a factor of b or that b is a

multiple of a. As an example, 316, because 6 = 3·2. If a

does not divide b, we write alb. As an example, 213, since

there is no integer which when multiplied by 2 gives 3. It

is true that c = 3/2 makes the statement 3 = 2c true, but

3/2 is not an integer.

The following theorem follows from the definition of

divisibility.

6
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Theorem 2.1. 2

( 1 ) ala for any a:;': 0 in z.

( 2 ) If alb and bla, then b = ± a.

( 3 ) If alb, then albc for any c in z.

( 4 ) If alb and blc, then alc.
(5 ) If alb and a,b are both positive, then a S b.

( 6 ) If dla and dlb, then dl (ax + by) for any pair of

integers x and y. In particular, dlO for any nonzero

integer d.

Lemma 2.1.3. If u, V" v2' ••• ' vn are in Z and u I V"

u I v2' •• • ,li I vn' then u I (v, + V2
+ .•• + Vn) ·

Proof: Let ci be an integer such that Vi = ucl'

for each i = 1,2, ... n. Thus v, = uc" v2 = uC2' ••• ,

V
n

= ucn· Hence, (v, + V2
+ ••• Vn) = (uc.) + (uc2 ) + ••• + (liCn)

= U (c, + ••• + cn).
since c, + c2 + ••• + cn is an integer,

c = c, + c2 + ••• + cn' and ( v, + V
2

+ ••• + V
n ) = uc ,

there fore u I (v, + V2
+ ••• + Vn) • Q • E • D ·

Definition 2.1.4.(Greatest Common Divisor). Let

a and b be integers; the natural number d is called the

greatest common divisor(GCD) of a and b if d satisfies the

following two conditions:

(i) dla and dlb.

(ii) If c € N such that cia and clb, then c S d.

write this as (a,b) = d.

Define (a,O) = lal, where Ixl denotes the absolute
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value of a real number x. Note that (a,b) = (b,a) = (-a,b).

2.2. The Division Algorithm

Theorem 2.2.1.(The Division Algorithm. Given nand d in Z

with d � 1, there are unique integers q and r with 0 � r < d such

that n = qd + r. In particular, din if and only if r = o.

Proof: Because the real line R is the disjoint union of the

semiclosed intervals

Ij = [jd,(j + l)d) = {x e: Rljd � x < (j + l)d},

where j = 0, ±1, ±2, ... , the integer n is in a unique interval

Iq• Since each interval Ij is of length d, 0 � n - qd = r < d.

Q.E.D.

Note that integers q, and r, exist such that n = q.d + r, where

Indeed, if 0 s r s
d

above, then q, = q and r, = r.
2

However, if g < r < d, let r, = r - d and q, = q + 1. Hence,

n = qd + r = qd + d - d + r = (q + l)d + (r - d) = q,d + r, where

d
2

< r, < O.

Lemma 2.2.2. If a > 2, then
3«2

> 3.
4

Proof: If a > 2, then a2 > 4 and 3a2 > 12. Thus

Q.E.D.
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2.3. Primes

If x and yare both even or both odd, then x and y is said

to have the same parity. Note, x and y have the same parity if

and only if x + y is even. Also x and xn have the same parity.

If a is odd, then x and ax have the same parity.

Given integers a and b, it mayor may not happen that alb.
Of course, if a = ±1 or a = ± b,.then a automatically divides b.

It is a fact, moreover that for some choices of b these will be

the only possible divisors of b. For example, if b = 5, then the

only divisors of b are I, -I, 5, -5. Numbers such as 5 playa

central role in what is to foLlow.

Definition 2.3.1. An integer p � 2 is called a prime number

or simply a prime if and only if ±1 and ± p are the only divisors

of p.

Definition 2.3.2. Two integers u and v are relatively prime

if and only if (u,v) = 1.

Definition 2.3.3. x,y,z, are pairwise relatively prime if

and only if (x,y) = (x,z) = (y,z) = 1.

Prime numbers are very important because every integer

greater than 1 is a product of prime numbers. consider for

example 420 = 42 x 10 and 42 = 7 x 6 while 10 = 2 x 5, so that

420 = 7 x 6 x 2 x 5. Now each of 7, 2, and 5 is a prime number.

However, 6 = 2 X 3, giving us 420 = 7 x 2 x 3 x 2 x 5, and now

each factor is a prime number and 420 has been shown to be a

product of primes.
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Theorem 2.3.4 (Fundamental Theorem of Arithmetic). Every

integer greater than 1 can be expressed as a product of prime

numbers (see [2]).

Definition 2.3.5. For an integer n > 1, a product of primes

P,P2 ••• Pk is a prime factorization of n if and only if:

( 1) n = P,P2 ••• Pk and

(2) P, S P2 S S Pk.

Lemma 2.3.6. Let p be a prime number and let n be any

integer. If pin, then (n,p) = p. If pIn, then (n,p) = 1.

Proof: If pin, then p is a cornman divisor of nand p, and

is clearly the largest such cornman divisor. Now suppose that

pIn and let d = (n,p). Since dip, then d = 1 or d = p. However,

din and pIn, therefore d ¢ p. Thus, d = 1. Q.E.D.

Theorem 2.3.7. Let p be a prime number. If plab, then

either pia or plb.
Proof: Since plab, then p must appear in the prime

factorization of abe If pia, we are done. If pIa, then by

Lemma 2.3.6, (a,p) = 1. Since the prime p must appear in the

factorization of either a or b, plb. Q.E.D.

Corollary 2.3.8. Let p be a prime number and a"a2, ••• ,an be

integers. If pla,a2 ••• an, then pia; for some 1 � i � n.

Theorem 2.3.9. If n is any integer greater than 1, then

there is exactly one prime factorization for n (see [2]).

Theorem 2.3.10. Let p be a prime and n a positive integer

such that pnlrs where (r,s) = 1. Then either pnlr or p�ls.
Proof: Using induction on n, the case n = 1 is



11

Theorem 2.3.7. Assume the proposition is true for n. If pn+ 11rs
where (r,s) = 1 and n � 1, then rs = apn+ 1

= appn. Thus, pnlrs
and by our assumption pnlr or pnls. If pnlr, then r = pnr1. Thus,

apn+' = rs = pnr,s. Also (r,s) = 1 and plr, then pIs.

Now ap = r,s, thus plr1s. Hence, plr, or pis. But pIs, thus

r, = pr2. Therefore, r = pnr, = pnpr2 = p" + 1r2. consequently,

pn+ 'Ir. The case pnls is similar. Q.E.D.

Proposition 2.3.11. For a fixed n, if an = rs wpere r,s > 0

and (r,s) = 1, then there exist band c such that r = bn and

s = c",

Proof: Let P(a,r,s) be the statement of the proposition and

S = {Ial I there exist rand s such that P(a,r,s) is false}.

Note, if 1n = rs with r,s > 0, then r = s = 1 = In. Hence,

1 � S. Assume, S ¢ 0. since SeN, then S contains a minimum

element w. Thus, there exist a,r,s such that lal = w, r,s > 0,

(r,s) = 1, and an = rs where either r is not a perfect nth power

or s is not a perfect nth power. Since lal > 1, let p be any

prime dividing a. Thus, a = pa" and so pna," = an = rs, hence

pnlrs. Since p is prime and (r,s) = 1, then either pn divides r

or pn divides s. Without loss of generality, assume pnlr. Thus,

r = pnr,. Note 1 = (r ,s) = (pnr1s,) implies (r, ,s) = 1.

Consequently, pna," = rs = pnr,s, and so a," = r,s. Since a = pna"
then la,1 < lal = wand so la,1 f S. Thus r, and s are perfect nth

powers, r, = b" and s = c", Thus, r = pnbn = (pb )" and s = c"

which contradicts the fact that either r or s is not a perfect

nth power. Therefore, S = 0 which proves the proposition. Q.E.D.
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2.4 Congruence

One of the beauties of mathematics is that many times a

seemingly simple idea can have far-reaching effects. For

example, show that the equation

x9 + x5 = 3,226,583,002,173,942,667,832,111

has no integer solutions.

A trial-and-error attack would be quite lengthy even with a

computer. However, reasoning may be used. Every Lrrt.eqer is

either even or odd. Also the sum of two even integers is even

and the sum of two odd integers is even. There are two cases.

Either x is even or x is odd. If x is an even integer, then x9

is even, as is x5• Thus x9 + x5 will be even. But the number on

the right-hand side is odd. Therefore, no even integer can be a

solution of the equation. What if x is any odd integer? In this

case x9 and x5 would both be odd integers. Thus, their sum would

be even. Therefore, there can be no integer solution to the

equation. This concept is the focus of this section.

Definition 2.4.1. Let m > 1 be a fixed integer, called the

modulus, and let a,b e: z. We say that a is congruent to b modulo

m, written as a = b mod m, if and only if m I (a - b).

Theorem 2.4.2. Let m > 1 be an positive integer.

(1) For any integer a, a - a mod m.

(2) If a = b mod m and c - d mod m, then a + c - b + d

mod m.

(3) If a - b mod m and c = d mod m, then ac - bd mod m.

(4) If c - d mod m, then -c = -d mod m.
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(5 ) If a - b mod m and c - d mod m,

then a - b - c - d mod m.

If a - b mod m and b - c mod m, then a - c mod m.

If a - b mod m, then b - a mod m.

( 6 )

( 7 )

Proof:

(1) For any integer a, a - a = a and mla. Thus,

a - a mod m.

(2) a = b mod m means that ml(a-b)i c = d mod m means

that m I (c - d). By Lemma 2. 1. 3, m I [ (a - b )' + (c - d)].

However,

(a - b) + (c - d) = (a + c) - (b + d), so m I [ (a + c) - (b + d)].

Thus, a + c = b + d mod m.

( 3) Since m I (a - b), m I (c - d), and

ac - bd = ac - bc + bc - bd = (a - b)c + b(c - d), then

ml(ac - bd) by Theorem 2.1.2 (6).

(4) This is a consequence of (1) and (3), since

-1 - -1 mod m, -c = -l·c, and -d = -l·d.

(5) This follows from (2) and (4).

(6) If ml(a - b) and ml (b - c), then

ml [(a - b) + (b - c)] = a-c. Thus, a - c mod m.

(7) If a = b mod m, then ml (a - b). ,Therefore,

ml-(a-b) = b - a and so b = a mod m. Q.E.D.

Theorem 2.4.3. Let a and b,be integers.

(a) If (a,b) = d, then there exist integers u and v

such that ua + vb = d.

(b) (a,b) = 1 if and only if 1 = ua + vb for some
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integers u and v.

(c) If (a,b) = d where a = da, and b = db" then

(a, ,b,) = 1.

Proof: (a) Let S = {d, = (u.a + v.b ) I u, ,v, e: Z and d, > O}.

Thus, SeN. Furthermore, since a = 1 . a + ° . band

-a = -1 . a + ° . b, then either a e: S or -a e: S depending on the

sign of a. Therefore, S * 0 and so S contains a minimum number

d = ua + vb. Thus, d > ° and pld whenever pia and �Ib. Assume

d does not divide a. Using the Division Algorithm we can write

a = td + r where ° < r < d. Thus,

r = a -td

= a -t(ua + vb)

= (1 - tu)a + (-tv)b.

Since r > 0, then r e: S. This contradicts the fact that d is the

minimal number in S. Hence dla, and dlb by a similar argument.

Therefore, d > 0, dla, dlb and pld whenever pia and plb. This

proves (a,b) = d.

(b) If (a,b) = 1, then 1 = ua + vb by part (a) of this

theorem. Conversely, if 1 = ua + vb, then any number dividing

both a and b would have to divide 1. Thus, (a,b) = 1.

(c) Assume (a,b) = d, a = a,d and b = b,d. Then for some u

and v, d = ua + vb, = ua.d + vb.d = (ua, + vb, )d.

Hence, 1 = ua, + vb" which proves (a"b,) = 1. Q.E.D.

Theorem 2.4.4. If (m,n) = 1 and mink, then mlk.

Proof: If (m,n) = 1 and mink, then there exist integers a,b

and r such that am + bn = 1 and rm = nk. Thus,
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k = k . 1 = k(am + bn) = kam + bkn = kam + brm = (ka + br)m,

which proves mlk. Q.E.D.

Theorem 2.4.5. Let m > 1 and suppose that ab - ac mod m.

If (a ,m) = 1, then b - c mod m.

Proof: We have ab = ac mod m, so that ml(ab - ac). But

ab - ac = a(b - c) and (a,m) = 1, therefore by 2.4.4, we have

ml(b - c). Hence, b = c mod m. Q.E.D.

2.5 Sums of Two Squares

The goal in this section is to determine those integers n

for which there exist integral solutions to the equation

X2 + y2 = n.

One of the first topi"cs in number theory that Fermat studied, and

one that led him to many other important questions, was the

problem of representing numbers as sums of two squares.

A basic fact in the study of numbers that are sums of two

squares is the formula

(a2 + b2) (c2 + d2) = (ac - bd)2 + (ad + bC)2

which shows that if two numbers are sums of two squares then

their product is also a sum of two squares.

Theorem 2.5.1. If X and Yare the sums of two squares, then

so is X·Y.

Proof: Let X and Y be the sum of two squares such that

X = (a2 + b2) and Y = (c2 + d2).

Then,

XY = ( a
2 + b2 ) ( c2

-

+ d2 )

= a2c2 + a2d2 + b2c2 + b2d2.
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But

(ac - bd) 2 + (ad + bc) 2
= - 2acbd + a2c2 + b2d2 + 2acbd + a2d2 +

b2c2

= a2c2 + a2d2 +b2c2 + b2d2

= XY.

Then,

(ac - bd)2 + (ad + bC)2 = XY.

Therefore,

Q.E.D.

Example: This result can be applied in two different ways to

5 = 22 + 1 2 and 13 = 32 + 22.

Thus,

65 = 5 . 13 = (22 + 12) (32 + 22)
= (2 . 3 - 1 . 2)2 + (2 . 2 + 1 . 3)2
= 42 + 72

and

65 = 5 . 13 = (22 + 12) (22 + 32)
= (2 . 2 - 1 . 3)2 + (2 . 3 + 1 . 2)2
= 12 + 82•

2.6 Properties of Integers

This section presents some deeper properties of integers

needed in Chapter 3 to prove Fermat's Theorem for the case

n = 3.
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Theorem 2.6.1. Let m > 2 and m be odd. Then the congruence

N2 = -3 mod m has a solution if and only if there exist x and y

such that

( 1) x2 + 3y2 = m and

(2) (x,y) = 1.

Proof: Assume x and y exist and (x,y) = 1.

Since x2 = m 3y2 then any prime factor of y and m would also be

a factor of x. Hence, (x,y) = 1 implies (y,m) = 1. Thus, there

exists rand s such that ry + sm = 1. Therefore,

x = rxy + sxm = Ny + cm. Hence,

x2 = N2y2 + 2 cNym + c2m2 = N2y2 + dm.

Consequently,

y2 (N2 + 3) = y2N2 + 3y2
= N2y2 + m - x2

= m - dm

= m( 1 - d).

Thus, mly2(N2 + 3). But (m,y) = 1, then m divides N2 + 3.

Therefore, N2 = -3 mod m.

Conversely, assume N2 = -3 mod m has a solution. Now find N

such that N2 = -3 mod m and INI To see this, observe if

N2 _ -3 mod m, then (N + km)2 = -3 mod m because

(N + km) 2 + 3 = N2 + 2 knm + km2 + 3

= sm + 2kNm + km2 (since m I N2 + 3)

= (s + 2kN + krn)m.
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Thus, an integer k can be found such that m
s N + km �

m
and

2 2"'

(N + km)2 - -3 mod m. It can be proven

by induction that there exist integers

m.; In2, .•. , 11\+, and N" N2,··., Nk satisfying:

( 1 ) In1 > � > ... >11\ > It\+, f

( 2 ) mk+1 = 1 or 2

(3) N/ + 3 = In;
.

m;+, (therefore N/ - -3 mod In;+1)

( 4 ) N; _,
== N; mod m;.

set m, = m and N, = N. Thus, N,2 == -3 mod In, and so

there exists m2 such that N/ + 3 = In,In2• Since In, = In > 2,

then � > O. Now m,� = N2 + 3 s
m2 m2

+ 3 < +

4 4
by

Lemma 2.2.2, since In > 2. Therefore, m,� < m2 = In/, which

implies � < m,. Furthermore, there exists a and N2 such that N,

(see the note following Theorem 2.2.1.).

Observe N, == N2 mod �.

Assume m, > � > ••• > mn > 0 and N" N2, ..• , Nn_, for n 2: 2

have been defined. If mn = 1 or 2, then set k + 1 = n and the

proof is complete. Otherwise Inn > 2. Now there exist Nn such

that Nn_, Therefore, Nn-1 == Nn mod �.
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Therefore, Nn
2 == N2

n-1
== - 3 mod mn• So, there exists mn+1 such that

Finally,

4

2
3�. 2+
-4-' which implies mn mn+1 < mn .

Therefore, In"+ 1
< mn• Since m;+1 < m; are positive integers, then,

m;+1 � ID; - 1. After a finite number of steps we arrive at mn s 2.

Then, set k + 1 = n. This completes the inductive proof.

For each n s k, Nn-1 - Nn mod mn• Let Y n
be such that

Nn-1 = Nn + Y nmn· Set A = mk+1 , then A = 1 or 2. Next show there

exist Zk' Yk; Zk-1' Yk-1; ••• ; 21, Y1 such that for every (2 Y in each

pair) n, Amn = (In"zn + NnYn)2 + 3 Y/ and (Yn,2n) = 1. (*)

Hence, Nk
2 + 3 = IT\IT\+1 = Amk• Thus, set 2k = 0 and Yk = 1.

Therefore, (mkzk + NkYk)2 + 3Yk2 = Nk2 + 3 = AIT\. Assume,

(Zk'Yk; ••• Zn'Yn) satisfying(*) have been found. Let 2n-1 = Y; and

Yn-1 = zn - YnYn• Therefore, 2n = Yn-1 + YnYn = Yn-1 + ynzn-1. Since

(yn' zn) = 1 then (yn-1 ,2n-1) = 1.

Now

A� = (�Zn + NnYn)2 + 3y/
= [�(Yn-1 + yn2n-1) + Nn2n-1 ]2 + 322n-1

= [�Yn-1 + (�Yn + Nn) 2n-, ] 2 + 322n-1

= [�Yn-' + Nn-1 2n-1 ] 2 + 3z2n-1

m2ny2n-'
+ 2yn-, Nn-1 2n-1 �+ ( Nn-,? + 3) Zn-'

2
=

(�y2n-1 2Yn-1 Nn-1 2n-1 ) mn + mn-,
2

= + mn2 n-1 •

Therefore A rony2n-1 2yn-, Nn-, + ron-,
2

= + Zn-1 2 n-1 •

However, m"m,,-, = Nn_,2 + 3, therefore
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= m m y2 + 2y N z m + m2 Z2n n-1 n-1 n-1 n-1 n-1 n-1 n-1 n-J

= (N2 + 3 )y2 + 2y N z m + m2 z2n-1 n-1 n-1 n-1 n-1 n-1 n-1 n-1

= N2 y2 + 2y N z m + m2 Z2 + 3y2n-1 n-1 n-1 n-1 n-1 n-1 n-1 n-1 n-1·

So Amn_1 = (mn-1 Zn-1 + Nn-1 yn-1 ) 2 + 3y2n-1 .

This completes the induction step.

For n = 1 we have (mz, + NY1)2 + 3y/ = Am. Let

x = mZ1 + NY1 and y = Y1. Then x2 + 3y2 = Am with A = 1 or 2.

Also (Y1,Z1), = 1. Recall m is odd, thus 412m. Assume A = 2.

Then, x2 + 3y2 = 2m is even, hence x and y have the same parity.

If x and yare even, then 41(x2 + 3y2), a contradiction.

If x = 2n + 1, y = 2k + 1 are odd then x2 + 3y2 = 4n2 + 4n + 1 +

12k2 + 12k + 3, which is also divisible by 4. Thus, we have a

contradiction in either case. Therefore, A = 1 and x2 + 3y2 = m.

Let p = (x,y), whence p divides x and y. Hence, p divides m.

Thus,

m = x2 + 3y2 = (mz, + Ny)2 + 3y2
= m2z 2 + 2Nz1ym + (N2 + 3)y21

= m2z 2 + 2Nz1ym + InInzy2 ·1

Therefore 1 = z12m + 2Nz1y + �y2.
Since p divides m and y, then p divides 1. Therefore,

p = 1 = (x,y). Q.E.D.

Proposition 2.6.2. Assume x2 + 3y2 = m where (x,y) = 1.

Then, there exist N such that N2 == -3 mod m and x == Ny mod m.

Proof: Since (x,y) = 1 then (y,m) = 1. Thus, there exist r

and s such that 1 = ry + sm. Whence,

x = rxy + sxm = Ny + cm. Therefore, x - Ny mod m. Also,
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m = � + 3y2 = N2y2 + 2Nycm + c2m2 + 3y2.

Thus, m =(N2 + 3) y2 + dm. Therefore, m divides y2(N2 + 3).

Since (m,y) = 1, then N2 - -3 mod m by Theorem 2.4.4. Q.E.D.

Proposition 2.6.3. For m > 2, m = odd, if N, is any

solution to N2 == -3 mod m, then there exist x and y such that

(x,y) = 1, � + 3y2 = m, and x == N,y mod m.

Proof: In the proof of 2.6.1 above we replaced N1 with

N = N, + km such that INI � �. Since x = Ny + mz, in .this proof

then x = N,Y + ykm + z,m - N,y + dm. Therefore, x - N1y mod m.

Q.E.D.

If A = x + yF), x,y E J, then define A = x - yF).

Define h (x + yF)) = x2 + 3y2.

Theorem 2.6.4.

(1) h (A) = kA

( 2) h (A) = h (A)

( 3 ) (kB) = A·:8

( 4) h (A-B) = h (A) -ti (B)

( 5) h (A n) = (h (A) ) ", n = 1, 2 ,3, ...

Proof: (1) Let A = x +yF), then

A-A = (x +yF)) (x - yF))

= x2 - (yF)) 2

= x2 + 3y2
= h (A) •
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(2) h (A:) = h (x - y.;-::3) = X2 + 3 (-y) 2 = X2 + 3y2 ;:: h (A) .

(3) Let A = x + y.;-::3 and B = w + u.;-::3. Then, A-B =

(x + yy'-3) '(w + uy'-3) = (xw - 3yu) + (xu + yw).;-::3 , thus A'B =

(x + yy'-3) . (w + uy'-3) = (xw - 3yu) (xu + yw) v'-3.

A ·13=

(x + yy'-3) . w + uy'-3 = (x - y.;-::3) (w - u.;-::3)
= (xw - 3yu) + (- xu - yw) v'-3

= (x + y.;-::3) '(u + wy'-3) .

Hence, A' B = :A • 13 •

(4 )

h (kB) = kB'kB + kB·:A·13

= A'A'B'B

= h (A) • h (B) .

(5) Fact (4) can be used to prove (5) by induction on n. Q.E.D.

Theorem 2.6.5. Let B > 2, be an odd integer. If

x2 + 3y2 = B3 has a solution with (x,y) = 1, then there exist

r"5,, such that (1) (r" s,) = 1 and (2) (x+yy'-3) = (r1 +Sly'-3) 3
•

Proof: Since x2 + 3y2 = B3 with (x,y) = 1, B3 > 2 an odd
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integer, then there exists a solution to the congruence N2 == -3

mod B3 (Theorem 2.6.1.). Thus, there exists n such that N2 + 3 =

nB3 = (nB2)B. Therefore, N is a solution to N2 == -3 mod B.

Furthermore, N can be chosen such that x == Ny mod B3 according to

Proposition 2.6.2. Since N2 == -3 mod B, there exist rand s with

(r,s) = 1, r2 + 3s2 = Band r == Ns mod B by Proposition 2.6.3.

Then there exist a,b,c such that

( 1) N2 = - 3 + aB3

( 2) x = Ny + bB3

and

(3) r = Ns + cB.

consider

= p-oA,

where P = r3 - 9rs2 and Q = 3r2s - 3s3.

Now

(r - sN)3 = r3 - 3r2sN + 3rs2N2 - s3NN2

= r3 - 3r2 sN + 3rs2 ( - 3 + aB3) - s3N ( - 3 + aB3)
= r3 - 3r2sN - 9rs2 + 3rs2aB3 + 3s3N - as3NB3

= (r3 - 9rs2) - (3r2s - 3s3)N + dB3.

Therefore (r - SN)3 = P - QN + dB3. But r - sN = cB, whence

P - QN = (r - sN) 3
- dB3 = (c3 - d) B3 . Therefore P == NQ mod B3.

Next consider
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p2 + 3Q2 = h(P - Qy'-3)
= h ( (r - sy'-3) 3)
= h (r - sy'-3) 3

= (r2 + 3S2)3
= �3 •.

Thus, p2 + 3Q2 = B3.

Consider x == Ny mod B3, N2 == - 3 mod B3 and P == NQ mod 133•

Therefore, xP - N2YQ == -3yQ mod B3. So xP + 3yQ = mB3 for some m.

Also Py == NQy - Qx mod B3. Therefore, Py - Qx = nB3 for some n.

consider:

x+YC
p + 0[=3

=
(x + YC) (P - Q{?)
(P + Qy'-3) (p - 0[(3)

= (Px + 3Qy) + (Py - xQ) y'-3
p2 + 302

=m+ny'-3.

Therefore, x + yy'-3= (m + ny'-3) (P + 0[=3) ·
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Next consider

p3 = X2 + 3y2

= h(x + yy'-3)

= h ( (m + ny'-3) (p + Qy'-3) )

= h(m + ny'-3)h(p + Qy'-3)
= (m2 + 3n2) (P2 + 3Q2)

= (m2 + 3n2) p3.

Thus, m2 + 3n2 = 1, whence m = ± 1 and n = o. Consequently,

x + yA = (m + nA) (P + Qy'-3) = ± (P + Qy'-3) •

But (r + sA ) 3 = r3 + 3r28A - 9rs2 - 383A = P + Qy'-3 .

So

x + yA = ± (P + Qy'-3)

= ± (r + 5y'-3) 3

= (Xl + 51A) 3, where r, = ± rand S1 = ± s.

Hence, there exist r, and S1 such that (x + yA) = (Xl + 81A) 3
•

Since (r,s) = 1, then (r"s1) = 1. Q.E.D.



CHAPTER 3

PYTHAGOREAN TRIPLES

Fermat's Last Theorem was inspired by the proposition in

Diophantus' Arithmetic which is one of the oldest problems in

mathematics, that is, "to write a square rational number as the

sum of two square rational numbers." One solution of this

problem is derived from the equation 32 + 42 = 52, which implies

that for any square a2, where a is rational,

a2 = (3a/5)2 + (4a/5)2. In a similar way, any triple of positive

integers x,y,z such that x2 + y2 = Z2 gives a solution

a2 = (xa/z)2 + (ya/z)2 and every rational solution arises in this

way. In short, Diophantus' problem amounts to the problem of

finding triples of positive whole numbers that satisfy

x2 + y2 = Z2.

Any triple of positive integers X,y,z which satisfies

x2 + y2 = Z2 determines a set of ratios x:y:z such that a triangle

whose sides are in this ratio is a right triangle. A triple of

positive integers that satisfies x2 + y2 = z2 is called a

Pythagorean triple.

3.1 Pythagorean Triples

Definition 3.1.1. A Pythagorean triple is a triple of

positive integers (x,y,z) such that x2 + y2 = Z2. If (x,y,z) is a

Pythagorean triple, then each of x and y is said to be a leg of

26
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the triple. Note that x2 < x2 + y2 = Z2, hence x < z. Similarly

y < z.

Since 32 + 42 = 52, then (3,4,5) is a Pythagorean triple

whose legs are 3 and 4. Pythagoras is credited with noting that

if n is a positive integer, then (2n + 1,2n2 +2n,2n2 + 2n + 1) is

a pythagorean triple. This can be proved by direct calculation;

(2n + 1)2 + (2n2 + 2n)2 = (2n2 + 2n + 1)2�
Theorem 3.1.2. For each integer x > 2 there exist integers

y and z such that (x,y,z) is a Pythagorean triple.

Proof. Suppose first that x is even. Then 21x, so 41x2;
hence (x2 - 4)/4 and (x2 + 4)/4 are both integers. If

y = (x2 - 4)/4 and z �(x2 + 4)/4, then (x,y,z) is a Pythagorean

triple. If x is odd, then x = 2n +1 and by Pythagoras'

observation, (2n + 1, 2n2 +2n, 2n2 + 2n + 1) is a Pythagorean

triple. Q.E.D.

Definition 3.1.3. The Pythagorean triple (x,y,z) is said to

be primitive if (x,y) = 1.

Lemma 3.1.4. Suppose that (x,y,z) is a Pythagorean triple

and let d = (x,y). Then dlz. Furthermore, if a,b, and care

integers such that x = ad, y = bd, and z = cd, then (a,b,c) is a

primitive Pythagorean triple.

Proof: If d divides x and y, then d2 divides x2 and y2 and,

therefore, d2 divides x2 + y2 = Z2. Hence, d divides z. Since

x2 + y2 = z2, then a2d2 + b2d2 = c2d2. Consequently, a2 + b2 = c2.

Furthermore, (a,b) = 1 by Theorem 2.4.3. Q.E.D.

This lemma says that each pythagorean triple (x,y,z) is the
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dth multiple of the primitive Pythagorean triple (a,b,c) obtained

by dividing each of x,y,z by d = (x,y). Thus, once all primitive

Pythagorean triples are known, then all Pythagorean triples are

known. Note that if (a,b,c) is a primitive Pythagorean triple,

then a,b and c are relatively prime in pairs. To see this,

assume a2 + b2 = c2 where (a,b) = 1. If P is a prime that divides

band c, then p divides a2 and so p divides a. But this

contradicts (a,b) = 1. Thus, (b,c) = 1. Similarly (a,c) = 1.

Lemma 3.1.5. If (a,b,c) is a primitive pythagorean triple,

then c is odd and a - b mod 2.

Proof: If a - b mod 2, then a and b are both even or both

odd. If a and b are both even, then 21(a,b), contrary to (a,b,c)

being primitive. If a and b are both odd, then c2 = ·a2 + b2 is

even: hence c is even. write a = 2k + 1, b = 2n + 1, and c = 2m.

Then,

a2 = 4k2 + 4k + 1 - 1 mod 4

b2 = 4 n2 + 4 n + 1 - 1 mod 4

c2 = 4m2 == 0 mod 4,

so

a2 + b2 == 2 mod 4.

But c2 = a2 + b2, so 0 == 2 mod 4, a contradiction. Thus,

a _ b mod 2. Since a2 + b2 = c2 and exactly one of a or b is odd,

c2 must be odd and so c is odd. Hence, if (a,b,c) is a primitive

Pythagorean triple, we may assume a is even and b is odd without

loss of generality. Q.E.D.

Theorem 3.1.6. Let a,b, and c be positive integers with a
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even. Then (a,b,c) is a primitive Pythagorean triple if and only

if there exist integers x and y such that

1. x > Y > 0,

2. x '* y mod 2,

3. ( x , y ) = 1, and

4. a = 2xy, b = x2 - y2, and c = x2 + y2.
Proof: Assume such x and y exist. Then condition (1)

guarantees that a > 0, b > ° and c >0. Also

a2 + b2 = 4x2y2 + X4 - 2x2y2 +y'+
= X4 + 2x2y2 + y4

since x and y have opposite parity from (2), then b = x2 - y2 is

odd, thus 2 is not a common factor of a and b. If P is an odd

prime that divides a and b, then pl2xy, p � 2. Hence, pix or

ply. But if plb and pix, then pl(y2 = x2 - b). Thus ply.

Similarly, if ply then pix. Therefore, p divides x and y which

contradicts (3). Thus, (a,b) = 1 which implies (a,b,c) is a

primitive Pythagorean triple.

Conversely, assume that (a,b,c) is a primitive Pythagorean

triple. By Lemma 3.1.5. we may assume that a is even. Suppose

that [(c + b)/a ]= x/y with xjy in lowest terms and y > 0. Since

(c + b)
c > a > 0, then xjy = > 1. Thus, x and y satisfy (1)

a

and (3). Now there is a k £ J such that c + b = kx and a = kyo

Furthermore,
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[(c + b)/a][(c - b)/a] = = 1, so that [(c - b)/a] = y/x.

Hence, there is a t € J with c - b = ty and a = tx. Since

tx = a = ky, then xlky. Since (x,y) = 1, then xlk. Thus, k = mx

for some integer m. Therefore, tx = ky = rnxy, which implies

t = my. From c + b = kx = mx2 and c - b = ty = my2, by adding

and subtracting these equations we get c = m(x2 +y2)/2 and

b = m(x2 - y2)/2. If x = y mod 2, then x and yare both odd

because (x, y) = 1. Thus, x2 + y2 and x2 - y2 are even, thus m

must divide band c. But (c,b) = 1, so m = 1. Hence,

a = ky = rnxy = xy where a is even, and x and yare both odd, a

contradiction. consequently, (2) holds. Thus,

c = m(x2 + y2)/2 and b = m(x2 - y2)/2 where x2 + y2 and x2 - y2 are

odd. Thus, m is even and, in fact, m/2 must divide both a and b.

Since (a,b) = 1, then m = 2. Hence a = rnxy = 2xy, b = (x2 - y2),

and c = (x2 + y2). Therefore (4) holds. Q.E.D.

3.2 Current Results

The constructions given in Theorem 3.1.6 do not provide all

Pythagorean triples. However, Andrea Rothbart and Bruce Paulsell

developed a theorem in 1974 that will provide all Pythagorean

Triples. This theorem appeared in the article "Pythagorean

Triples: A New, Easy-to-Derive Formula with Some

Geometric Applications," which appeared in Mathematics Teacher,

Vol.67 (March, 1974), pp 215-218.

Theorem 3.2.1. A triple (x,y,z) is a Pythagorean triple if

and only if there exist integers u and v which satisfy the



31

following conditions:

(i) u > v > 0,

(ii) u = v mod 2, (a simple way of saying that u and v are

both even or both odd)

(iii) uv is a perfect square,

(iv) x = vuv, y = (u - v)/2, z = (u + v)/2.

Proof: First suppose that u and v satisfy conditions (i)

through (iv). Then (i) and (iv) imply that x,y, and z are

positive. Also, (iii) and (iv) yield that x is an integer, while

(ii) and (iv) yield that y and z are integers. Finally, from

(iv) ,

= (..jUV) 2 + [ (u ; v) 12 =
4uv u2 -2uv + v2

+ ------

4 4

= [( u + v) /2 ] 2
= z2.

Thus, (x,y,z) is a Pythagorean triple.

Conversely, assume that (x,y,z) is a Pythagorean triple.

Then find integers u and v satisfying the four conditions. Let

u = z + y and v = z - y. Since y and z are positive and z > y,

we have u > v > 0, so that (i) is satisfied. Also, u - v = 2y,

so 21(u - v) and condition (ii) holds. Furthermore,

uv = (z + y)(z - y) = Z2 � y2 = x2, so (iii) is satisfied.

Finally, because uv = x2, x = ..jUV, while (u - v)/2 =(2y)/2 = Y

and (u + v)/2 = 2z/2 = z, showing that (iv) holds. This
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completes the proof. Q.E.D.

Example: Let us find all Pythagorean triples that have 30

as one of their legs. Since (x,30,z) is such a triple, then

(30,x,z) is also. Therefore, all Pythagorean-triples (a,b,c)

having a = 30 can be found. Find all pairs of integers u and v

satisfying conditions (i),(ii), and (iii) of Theorem 3.2.1 and

such that a = IUV = 30. Thus uv = 302, and uv is even. Next,

claim that u > 30. For if u S 30, then by condition

(i) 30 � u > v > O. So 302 > uv = 302, a contradiction. Thus,

(1) U 1302; (2) u > 30; (3) u is even; (4) v = 302/u is even.

Therefore, u = 2'32'52 = 450, U = 2'32'5 = 90,

u = 2'3'52 = 150, or u = 2'52 = 50. with v = 302/u the following

pairs (u,v): (450,2), (90,10), (150,6), and (50,18) exists.

The corresponding Pythagorean triples are

(30,224,226), (30,40,50), (30,72,78), (30,16,34).

Therefore, these triples, together with their variations

(224,30,226), and so on, are all the Pythagorean triples having

30 as a leg.

One might be interested in predicting the number of

Pythagorean triples with a given leg a. The answer depends on

whether a is odd or even. For a odd it is (;[a2]-1)/2, while for

even a it is (;[(a/2)2] -1)/2, where ;[n] is the total number of

positive divisors of n. Thus r if a = 3 0, t [ ( a) 2] = t (2 2 5) = 9,
2

then (9 - 1)/2 = 4.

Henry Klostergaard also developed a formula that will yield
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all Pythagorean triples. This article "Tabulating All

pythagorean Triples" was published in Mathematics Magazine, VOL.

51, NO.4, September 1978.

Theorem 3.2.2. The general �olutions of the Pythagorean

Equation, x2 + y2 = Z2 (x,y,z € N) can be found in non-redundant

form by letting x = 2n + d, y = 2(n + n2/d) and

Z = 2n + d + 2n2/d such that n runs through all integers while d

is in turn all divisors of 2n2 less than n/2.

Another method that can be used to find the general

solutions of the Pythagorean Equation that is similar to Theorem

3.2.1. but easier to calculate is Theorem 3.2.3.

Theorem 3.2.3. The general solutions of The Pythagorean

Equation, x2 + y2 = Z2 (x,y,z € N) are as follows, x = 2n + a,

y = 2n + b, Z = 2n + a + b, where n is an arbitrary natural

number, a,b e N, ab = 2n2.

Proof: Assume x = 2n +ar y = 2n + b, and Z = 2n + a + b

where ab = 2n2. Then

x2 +y2 = 4n2 + 4na + a2 + 4n2 + 4nb + b2

= 4n2 + 4na + a2 + 2ab + 4nb + b2 (using 2ab =

4n2)
= (2n + a + b)2
= Z2.

Conversely, assume (x,y,z) is a pythagorean triple. (Let

m = X + Y - z which is positive because Z2 = x2 + y2 < (x + y)2

implies z < x + y). Substituting x + y - rn for z in the given
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equation, x2 + y2 = (x + y - m)2 ... (1).

By (1), x + y - m > y, hence x - m > 0 ••• (2).

similarly x + y - m > x, hence y - m > 0 ... (3).

By (1) x2 + y2 = x2 + y2 + m2 + 2xy - 2xm - 2ym

= x2 + y2 - m2 + 2 (x - m) (y - m ) .

Therefore, 2(x m)(y - m) = m2. Consequently, m is even and so

m = 2n, n € N. Then (x - 2n)(y - 2n) = 2n2. Thus, both x - 2n

and y - 2n are divisors of 2n2. If a = x - 2n and b = y - 2n,

then ab = 2n2. Hence x = 2n + a, y = 2n + b, and z = x + y - 2n

= a + b + 2n, where ab = 2n2. Therefore, the general solutions

are as shown in the theorem. Q.E.D.

This method will also provide all Pythagorean triples with a

given leg. Example: Find all Pythagorean triples that have 30

as one of their legs. Thus, if x = 30, then a = x - 2n and b =

2n2; consequently,
a

30 - 2n

n2
=

15-n
a = 30 - 2n, 2n = 30 - a, b =

If P is a prime that divides 15 - n, then pln2 because
15 - n

is

an integer. Thus pl(15 - n) and pin, hence p115. Thus, the

prime factors of 15 - n are 1, 3 and 5. Since 15 - n < 15, then

15 - n can only equal 1, 5, 3 and 9. Thus, n = 14, 10, 12 or 6

and, therefore, a = 2, 10, 6, and 18. consequently, b = 196, 20,

48, and 4. Substituting a, b, and n into the equations for x,y,
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and z the pythagorean triples are

(30,224,226), (30,40,50), (30,72,78), and (30,16,34).



CHAPTER 4

FERMAT'S THEOREM FOR n = 3 AND 4

Equations of the form xn + yn = zn, n = 3,4,5 ... (1) are

considered in this chapter. A solution to this equation is a

triple of positive integers (x,y,z) satisfying (1). A primitive

solution is a solution such that (x,y) = (y,z) = (x,z) = 1i x,y

and z are said to be pairwise relatively prime in this case.

4.1 Equations of the Form xn + yn = zn, n > 3

Proportion 4.1.1. Let S = {pip is an odd prime or p = 4}.

If xn + yn = zn has no non-trivial solutions for all n E S, then

there is no solution for any integer n � 3.

Proof: Assume there is a solution for some n � 3. Since by

assumption, n $ S, then n is not prime and n * 4. If

n = 2k where k > 2, then n = p·4. Otherwise n = P'q where q is

an odd prime. In either case there exists q € S such that

n = P'q. Consider the solution xn + yn = zn. Then we have

xpq + ypq = zpq or x,q + y,q = z,q where x, = xP, y, = yP, Z1 = z".

Since x,y,z � 0 then x"y"z, � o. Thus, there exists q € Sand

a non-trivial solution to x,q + y,q = z,q, contrary to the

assumption. Q.E.D.

Proposition 4.1.2. If there exists a non-trivial solution

to the equation xn + yn = zn, then there exists a solution that

minimizes Izl (i.e. there exists a solution x, + y, = z1 such that

36
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if x" + y" = z" is any solution, then IZ11 $ Izl). Furthermore,
there is a primitive solution (X1'Y1,Z1) such that one-of these

numbers is even and the other two are odd.

Proof: Let S = {r 1 there exists a solution x" + y" = z"

such that Izi = r}. Since SeN and S � 0 (by our assumption
that a solution exists) then S contains a minimal element r, by
the Well Ordering Principle for N. Hence, there exists a

solution (x"y"z,) such that IZ11 = r1 and for any solution

(x,y,z), [z ] � r,.

For this solution, if p is a prime that divides any two of

(x"y"z,), then p divides the third. For example, if p divides

x, and z" then p divides x,2 and Z12. Hence, p must divide

y/ = z/ - x/ and so p divides Y1' Therefore, x, = px, y, = py

and z, = pz. Hence, p"x" + p"y" = p"zn and so x" + v" = z" is a

solution also. Since x, � 0, y, � 0, z, � 0, p � 0, then neither

x,y, nor z is o. But Iz,1 = Ipzl > Izl, which contradicts the

minimalityof Iz,l. Therefore, (x"y"z,) are pairwise relatively
prime. Also, no two of these can be even. Moreover, if any two

are odd, the third must be even. Q.E.D.

4.2 The Biquadratic Equation
This proof uses the method of infinite descent. The idea is

the following: assume that (xo,yo,zo) is one solution in nonzero

integers, then there is another solution (x"y"z,) of the same

kind, with 0 < Ix,1 < IXol. Since this procedure may be repeated

indefinitely, one would obtain an infinite decreasing sequence of

positive integers Ixol > Ix,1 > IX21 > •••• > 0, which is absurd.
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So, there couldn't be any solution in nonzero integers.

Theorem 4.2.1. The equation

trivial solution.

Proof: Assume X4 + y4 = Z2 has a non-trivial solution.

Then, there exists a solution such that Izl is minimal. Thus,

(x,y) = 1. (To see that (x,y) = 1, let p be a prime that divides

x and y. Then x = px, y = py, and p4x,4 + p4y,4 = Z2. Therefore,

pi z · Hence, p4x,4 + p4y,4 = p2Z,2, where z = pz,. since

p2X,4 + p2y,4 = z/, pi z,. Let z, = PZ2. We have

X,4 + y,4 = z/ where 1 z 1 = 1 pz, 1 = 1 p2Z21 > 1 z21 gives a

contradiction to the minimality of Izl.) Thus, (x,y) = 1. Thus,

(x2)2 + (y2)2 = Z2 with (x2,y2) = 1. Therefore, (x2,y2,z) is a

Primitive Pythagorean triple.

Now by Lemma 3.1.5. z is odd and x2 and y2 has opposite

parity. Assume x is odd and y is even. According to Theorem

3.1.6. there exist integers a and b such that x2 = a2 - b2,

y2 = 2ab and z = a2 + b2, a and b have opposite parity, (q,b) = 1

and a > b > o.

Case 1. Assume a is even and therefore b is odd.

Let a = 2n and b = 2m + 1. Therefore,

x2 = a2 - b2 = 4n2 - 4m2 - 4m -1. Thus, x2 == -1. mod 4. But x is

odd. So x = 2k + 1 and x2 = 4k2 + 4k + 1, whence x2 = 1 mod 4.

This is a contradiction. (In other words,

4k2 +4k + 1 = 4n2 - 4m2 - 4m -I, therefore

2 = 4 ( n2
- m2 - m - k2 - k).)

Case 2. Assume a is odd and therefore b is even. If
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b = 2m, then y2 = 2ab = 4am, hence (Y) 2
= am.

2

since 1 = (a,b) = (a,2m), then (a,m) = 1. Therefore, a = r2 and

m = s2 by Proposition 2.3.11. Since a,b + 0 then r,s + o.

Therefore, a = r2, b = 2s2, and y = 4r2s2. Since

x2 = a2 - b2 = r4 - 4s4, we have x2 + 4s4 = r4. Therefore,

x2 + (2s2)2=(r2)2 where (x,2s2) = 1. (Note: x is odd, (x,y) = 1

and y = 2ab, thus (x,b) = 1. But b = 282, thus

(X,2S2) = 1.) Therefore, there exists p and q where (p,q) = 1

such that p2 - q2 = x, 2pq = 2s2, and r2 = p2 + q2. Since s .. 0,

then p,q + o. Thus, S2 = pq and p2+ q2 = r2. But (p,q) = 1 and

S2 = pq implies p = u2 and q = v2 (Proposition 2.3.11.). Also,

since p,q ¢ 0 then u,v + o. Therefore, p2 + q2 = r2 implies

u4 + v4 = r2. Hence, a non-trivial solution to the original

equation. since x4 + y4 = Z2 is the solution with minimal Izl,
then 1 r 1 � 1 z I. But z = a2 + b2 = r4 + b2 > 1 r I. This is a

contradiction. Therefore, x4 + y4 = Z2 has no non-trivial

solution. Q.E.D.

Corollary 4.2.2. There is no non-trivial solution of

x4 + y'+ = Z4.

Proof: If (x,y,z) is'a solution to the above equation then

(x,y,Z2) is a solution to X4 + y4 = (Z2)2. Q.E.D.

4.3 The Cubic Equation

The first published proof of Fermat's theorem for the case

of cubes is due to Euler. An important step in Euler's proof,
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which used divisibility properties of integers of the form

a2 + 3b2, was done without sufficient justification. -Legendre,

who reproduced Euler's proof did not give any further

explanations. since he was himself also an expert on such

matters, he understood Euler's reasoning. However, later

mathematicians were less comfortable about the possible gap, and

in 1894, Schumacher pointed it out explicitly. The gap occurred

in Euler's proof of the statement that if s is odd and

s3 = a2 + 3b2, with gcd(a,b) = 1, then s = u2 + 3v2, with U,v

integers.

Another proof of Fermat's theorem for cubes was given by

Gauss. Both proofs use the method of infinite descent. However,

while Euler worked with integers of the form a2 + 3b2, Gauss used

complex algebraic numbers of the form a +�.

Theorem 4.3.1. The equation x3 + y3 = Z3 has no non-trivial

solutions.

Proof: Assume there are solutions of x3 + y3 = Z3.

Then according to Proposition 4.1.2., there exists (x,y,z) that

is pairwise relatively prime such that exactly one of these

integers is even. If x is even, rewrite the equation as

(-Z)3 + y3 = (-X)3. A similar rearrangement is possible if y is

even. Thus, assume without lost of generality that x and yare

odd and z is even. Thus, a non-trivial solution to x3 + y3 = Z3,

where z is even, which minimizes Izl. Now x and yare odd,

therefore, write p = x+y
2

and q = x-Yo Since (x,y) � 1, then
2
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P � 0 and q � o. Since p + q = x and p - q = y then p and q must

have opposite parity because x and yare odd. Furthermore,

(p,q) = 1 because (x,y) = 1.

Now

Z3 = (p + q)3 + (p _ q)3
= p3 + 3p2q + 3pq2 + q3 + p3 _ 3p2q + 3pq2 _ q3
= 2p3 + 6pq2
= 2p(p2 + 3q2) .

consider 2 cases, (1) z is not divisible by 3 and (2)' z is

divisible by 3.

Case 1. Suppose 3/z.

Consider p and p2 + 3q2. Now (p,q) = 1 and 31z3. Since

Z3 = ,2p(p2 + 3q2), thus 3/p. If rip where r is prime and r � 3

then r/q. Thus r/(p2 + 3q2). Consequently (p, p2 + 3q2) = 1.

Now if q is even, then p would be odd because p and q have

opposite parity. Thus, p(p2 + 3q2) is odd, and therefore

4/[2p(p2 + 3q2)] = z3. But since z is even, 41z3 which is a

contradiction. Therefore, q is odd and p is even. So p2 + 3q2
is odd. Thus, (2p, p2 + 3q2) = 1. Thus, by Proposition 2.3.11.

Z3 = 2p(p2 + 3q2) implies 2p = a,3 and p2 + 3q2 = B3, where B > 1 is

odd. Since a, must be even, say a, = 2a, then

p = 4a3, p2 + 3q2 = B3 and Z3 = 2p(p2 + 3q2) = 8a3B3. Thus,

Z = 2aB. Now p � 0 and q � 0 implies a ¢ 0 and B � o. So

p2 + 3q2 = B3 with (p,q) = 1. Hence, according to Theorem 2.6.5.,

there exists r,s such that (r,s) = 1 and

p+qj=3 = (r+sj=3)3 = r3-9rs2+(3r2s-3s3)j=3. Therefore,
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p = r(r2 - 9s2) and q =3s(r2 - S2). But P = 4a3, thus

4a3 = r(r + 3s)(r - 3s). Now 31p = r(r2 - 9s2), whence 31r. Also

q = 3s(r2 - S2) is odd, thus s is odd and r is even. Therefore,

r + 3s and r - 3s must be odd and 2r, r + 3s, r - 3s are pairwise

relative prime. (Note that 2r = (r + 3s) + (r - 3s) while

6s = (r + 3s) - (r - 3s).) Thus, 4a3 = r(r + 3s)(r - 3s) implies

(2a)3 = 2r(r + 3s)(r - 3s), and therefore implies 2r = m3,
r + 3s = n3, r - 3s = k3. Also, 31r and r,s + 0 implies m,n and

k+O. Thus, n3 + k3 = 2r = m3 is a non-trivial solution with m

even. Finally, Izl = 12aBI
1

= I P [2r (r+3s) (r-3s) ] "3 I

1

=IBI I [m3n3k3] "3 1

= I B link 1 I m 1 > [m 1 ·

(Note IB31 = Ip2 + 3q21 > 1 implies IBI > 1.)

This contradicts the minimality of Izl.
Case 2. Assume 31z.

Recall Z3 = 2p(p2 + 3q2) where (p,q) = 1 and p,q have

opposite parity. Again, z is even, thus 8 divides

Z3 = 2p(p2 +3q2) and since (p2 + 3q2) is odd, then p is even and q

Thus, a contradiction. Therefore, 3 divides both z and p.

Let p = 3p, and z = 3z,. Therefore 27z,3 = 6p, (9P12 + 3q2) ,

which implies 3z,3 = 2p, (3p/ + q2). Now 3p/ + q2 is odd and 31q

since (p,q) = 1 and 31p. Hence, 3] (3p,2 + q2). If r is a prime

dividing both 2p, and 3p,2 + q2, then r :I< 2 since (3p,2 + q2) is
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odd, and r � 3. Also rip = 3P1. Therefore, rlp1 and since

rl (3p2, + q2), then r would divide q2. This is impossible since

(p,q) = 1. Therefore, (2P1' 3p/ + q2) = 1. Since 3/3p/+ q2 then

3Z13 = 2p, (3P12 + q2) implies 3a,3 = 2p, and 3p,2 + q2 = B3. since a,

is even, and if a, = 2a, we have 24a3 = 2p, implies 12a3 = p,.

Therefore, p = 3p, = 36a3• Thus, p = 36a3, 3p,2 + q2 = B3 and

23 = 2p(p2 + 3q2)
= 2 P ( 9p/ + 3q2 )

= 6p( 3p/ + q2)
= 6 (36a3) (B3)
= (6aB)3.

Therefore, Z = 6aB. Also note that (p,q) = 1 and p = 3p, implies

(p"q) = 1. Now 3p/ + q2 = B3 where B > 2 is odd, then by Theorem

2.6.5. there exists rand s with (r,s) = 1 such that

Therefore, q = r (r2 - 9s2) and P, ::: 3s (r2 - S2) = 3s (r + s) (r - s ) ,

But P, = 12a3, hence 4a3 = s(r + s)(r - s). Since P, is even and

q is odd then r is odd and s is even. Also (r,s) = 1 implies s,

r + sand r - s are pairwise relatively prime. Thus, s = 4n3,

r + s = m3, r - s =' -k3 and 2s = 8n3 = n,3. Therefore, since

(r + s) - (r - s) = zs we have m3 + k3 = n,3 where n,3 is even and

8a3 =2s(r + s)(r - s)

= n,3m3 ( - k ) 3 = - ( n.mk ) 3
.

Therefore, 12a I = I n.mk I· Thus I Z I = 16aB I
= 16a I I B I > 12a I
= I n.mk I � I n, I ·
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Therefore, m3 + k3 = n13 and n1 is even is a solution such that

In11 < Izl, which contradicts the fact that Izl is minimal.

Q.E.D.



CHAPTER 5

SUMMARY

Many new theorems have been proved concerning some

Diophantine equations, in particular, Fermant's Last Theorem.

However, these theorems are old methods stated a new way. No one

has been able to prove Fermant's Last Theorem past

n = 125,000,000 not even today in the age of high speed super

computers.

In conclusion, "THE MYSTERY OF THE QUEEN LIVES ON."
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