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The objective of this paper is to investigate the behavior of solutions to certain

types of difference equations. Two types of equations will be studied. They are:

(i) Xn+l = f(xn) and

(ii) Xn+l = g(Xn-l, xn)

where f and g are certain functions.

Properties to be investigated include boundedness, oscillation, periodicity and asymptotic

behavior.
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CHAPTER 1

INTRODUCTION

The discrete analog to an ordinary differential equation is a difference equation.

Ordinary difference equations are versatile tools of analysis. These equations are defined

in terms of a single dynamic variable (that is, a single function of time) and, therefore,

represent only a special case of more general dynamical models. They are excellent

representations of many dynamic situations, and their associated theory is rich enough to

provide substance to one's understanding. For example, scientists and mathematicians

use observed or experimentally determined parameters to set up mathematical models

based on differential or difference equations to determine the non-random, chaotic

behavior of certain reactions.

An ordinary difference equation is a relation of the form:

Yk+n = F(k, Yk-'-n-l, Yk+n-2, ... , Yk) (la)

where F is a well-defined function of its arguments. Also, we denote the general member

of the sequence by Yk and use the notation {yk} to represent the sequence Yo, Yl, Y2,.·.

Thus, given appropriate starting values, all the remaining members of the sequence can

be generated. In fact, from the above equation it can be seen that if n successive values -,

of Yk are specified, then the sequence {Yk} is uniquely defined. These specified values

are called initial conditions. Therefore, part of the specification of a difference equation
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is the set of integers k for which it is to hold. In general, this set of integers must be a

sequence of successive values, of either a finite or infinite duration such as k = ° 1 2 3, , , ,

... ,nork=O, 1,2,3 .....

The order of a difference equation is the difference between the highest and

lowest indices that appear in the equation. The equation (l a) is an nth order difference

equation if and only if the term Yk appears in the function F on the right-hand side. For

example,

Yk+n+r = F(k+r, Yk+n+r-l, Yk+n-r-2, ... , Yk+r)

A solution of a difference equation is a function 4>(k) that reduces the equation to an

identity. Alternatively, a solution can be viewed as a sequence of numbers. The two

viewpoints of a solution are of course equivalent. A difference equation need not

necessarily possess a solution, and even if it does exist, there is no assurance that it will

be unique. The solution must be further specified by giving a set of initial conditions

equal in number to the order of the equation.

Finally, ordinary difference equations are quite adequate for the study of many

problems, and the associated theory provides a good background for more general multi-

variable theory. In other words, both with respect to problem formulation and theoretical

development, difference equations of a single variable provide an important first step in

developing techniques for the mathematical analysis of dynamic phenomena. In general,

difference equations are expected to occur whenever the syst�m under study depends on

one or more variables that can only assume a discrete set of possible values.



CHAPTER 2

AN INVESTIGATION OF THE EQUATION

Xn+l = f(xn)

To begin our study consider the equation:

Xn+l = ax.; a =t 0 (2a)

From equation (2.a) it is clear that if x., is an initial value, then:

x, = a Xo

X2 = a x, = a(a xo) = a2 Xo

X3 = a X2 = a(a
2

xo) = a
3

Xo

x, = a Xn-l .... = an Xo

So the general solution of equation (2a) is given by the equation

(2b)

Clearly if Xo = 0, then x, is the trivial solution, that is, x, = 0 for every n. Assume that Xo

=t 0 for the remainder of the chapter. It is worth mentioning that x, = f" (xo) where f"

denotes the nth iterate of the function f(x) = ax. Thus, solutions of first order difference

equations are the orbits of some Xo in the domain of f.

3
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Some properties mentioned before will be investigated and relevant terms will be

defined.

Definition: The statement that the sequence {Xn} � 00 means that for

each positive number m there exists N such that for all

n>N, xn>m

Definition: A sequence {x.} is said to converge to a real number L

provided for each E > 0 there exists a positive integer N

such that I Xn- L I < E whenever n > N.

Lemma 2.1: If a > 1 then an � 00 as n � 00

Let m > ° be given and assume a> 1

Let N be a positive integer such that

N> log m

log a

So, if n > N then n > log m

log a

Which implies an> m for all n > N

Therefore {an} � 00 as n � 00

Hence, the following theorem holds

Theorem 2.2: If a> 1 and xo> 0, then all solutions {x.} of equation (2a)

satisfy the condition.

x, � 00 as n � 00
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Lemma 2.3: If 0 < a < 1, then { an} � 0 as n � 00

Let £>0 be given

Since 0 < a < 1, then an+1 < an

Let N be a positive integer such that

N> log E

log a

So, ifn > N, then n > �
log a

Therefore {an} � 0 as n � 00

Theorem 2.4: If 0 < a < 1 and Xo > 0, then all solutions x, of equation

(2.1) satisfy the condition Xn� 0 as n � 00.

Definition: Let t be in the domain off. Then t is an equilibrium point if

f(t) = t.

Note that for the function f(x)=ax, f(O)=O. Thus x=O is an equilibrium point for

the difference equation.

Xn+l = a x,

Theorem 2.2 states that when a > 1, x = 0 is repelling but when 0 < a < 1, x = 0 is an

attracting equilibrium point, that is all solutions converge to 0 and so x = 0 is a global
I

attractor.
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Definition: p is a global attractor for the function f iff for each initial

value Xo the sequence {x.} converges to p where x, is the

th .

fn Iterate 0 Xo under f.

Moreover, Theorems 2.1 and 2.2 illustrate that solutions do not change signs and

thus they are nonoscillatory. When a < ° oscillatory behavior occurs.

Definition: A sequence {x.} is said to oscillate if the terms x, are

neither eventually all positive nor eventually all negative.

Otherwise, the sequence is called nonoscillatory.

Theorem 2.5: If a < -1 and Xo > 0, then all solutions {x.} of equation (2a)

are oscillatory and { I Xn I } � 00 as n � 00

From equation (2b) the general solution of equation (2a) is

n

x, = a Xo

Since a < 0, x,
n n+!

Xn+ l
= a Xo

. a Xc

= a2n+! X02 < 0 for each n.

Thus {xn} is oscillatory.

For the remaining part of the theorem note that IXnl = lanxo! = lain. Xo and since [a]

> 1 by lemma 2.3, {Ixnl} � 00 as n � 00

Theorem 2.6: If -1 < a < ° and Xo > 0, then all solutions {x.} of equation

(2a) are oscillatory and x, � °

When [a] = 1, periodic solutions are obtained.
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Theorem 2.7: If a= 1, then every point is an equilibrium point, that is,

Xn+l = x, = Xo for every n. If a = -1, then every solution has

period 2, that is Xn+2 = x, for all n and the orbit is the

sequence { Xo, - Xo, Xo, - Xo, ... }.

Thus when lal = 1 all solutions of equation (2a) are periodic with period 1 or

period 2. Hence, we have completely described all solutions of equation (2a).

Next, consider a piecewise linear map known as the Baker's Map when restricted

to the interval [0, 1] was considered.

The piecewise linear map is defined by:

f2x, x � 1/2

B(x) = 17x - 1, 1/2 < x (2c)

Thus the equation xn+1 = B (xn) will be investigated.

For x., < 0,

SO XI = 2xo

X3 = 8xo
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Note: If xn> 1, then Xn+l = 2xn - 1 > 1

For Xo > 1

Xn+l = 2xn - 1

So x. = 2xo - 1

= 2(2xo- 1)-1

= 4xo- 3
2

=2xo-3

= 2(4xo - 3)- 1

= 2n

(xo -1) + 1 � 00

Note that equation 2c has two equilibrium points x = 0 and x=l. Let Xo denote the

initial value of a solution x.;

Theorem 2.8: Ifxo< 0, then x, � - 00 as n � 00.

If Xo > 1, then x, � 00 as n � 00. Hence when

! Xo - Y2! > �, solutions are unbounded.
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Now consider the case when ! Xo - Y2! S Y2, that is, ° S x., S 1

Theorem 2.9: If x., E 1= [0, 1], then x, E 1= [0, 1] for all n.

Thus for Xo = [0, 1], solutions are bounded.

That is: ° $ Xu $1

A number Xo in [0, 1] is called a dyadic rational if it has the

form k/Z'" for some non-negative integers k and m.

Definition:

Definition: Let Xo be in the domain of f. Then Xo is an eventually fixed

point of f if there is a positive integer n such that fn](x) is

an equilibrium point off.

Theorem 2.10: If Xo E I = [0, 1] and Xo is a dyadic rational then x, is

eventually fixed.

Graph of B(x)

112

--------------------�-�
x

112

Assume Xo is a dyadic rational in [0, 1], then Xo = k/Z" for

some nonnegative integers k and m. Ifk = ° or k = Z'",



Definition:

Definition:

Theorem 2.11:

Proof:

10

then Xo is an equilibrium point. Suppose 0 < k < 2m . So,

implies 0 :s k - im :s 1. Thus k - im = 0 or k - im = 1. So,

x, is eventually fixed. Conversely, assume x, is eventually

fixed, then for some n, B[n](Xo) = 0 or 1. Thus, 2nXo - k = 0

or 2nXo - k = 1. Solving for x.; x, = kl2n or

(k + 1 vr. which is a dyadic rational. Hence, xa IS

eventually fixed.

Let fbe a function and let x, be in the domain of f. Then x,

is a periodic point if there exists an n such that :tfTI](xo) = x.,

A number x, is an eventually periodic point of a function f

ifthere is a positive integer n such that :tfn](x) is periodic.

x, is eventually periodic if and only if Xo E I = [0, 1] and Xo

is rational but not a dyadic rational.

Assume x, is eventually periodic. Then, B(x) = 2x or B(x)

= 2x - 1 (by definition of the Baker's function). In general

B[n](x) = 2nx - in(x), where in(x) belong to the set {O, 1, ... ,

2n - I}. So, B[k)(x) = B[m)(x) implies 2kX - ik(x) = 2mx -

I
im(x). This implies x = (ik(x) - im(x))/(2k - 2m) which is
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rational. Hence, if x, is eventually periodic then Xo = x is

rational. Conversely, suppose Xo is rational, then x, is

eventually periodic. So, assume Xo = kip, where k and p are

integers. Then, the definition ofB(k/p) implies that

B(k/p) = 2k/p or (2kJp) - 1 = (2k - P)/p. So, in either case

nip, where n is an integer, is obtained. Since there are only

a finite collection of numbers of the form nip between (0,

1), this implies that x, is eventually periodic.

Definition: Let f: [0, 1]-)0[0, 1]. The nth iterate of f is denoted �n].

More precisely, fO](x) = x, fl](X) = f(x), f2](x) = f(f(x)), ... ,

fn+1](x) = f(fn] (x)).

Definition: The nth iterate of the Baker's function B[n] is defined as

follows:

2n - 2 2n - 1

2nx - (2n - 2), for 2n < x .:s 2n

2n -1

2nx - (2n - 1), for 2n < x .:s 1
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Theorem 2.12: If x., E 1= [0, 1] and Xo is a irrational then the range of {x.}

is infinite.

Assume Xo is irrational

Then ° < xo< 1

Note that x, = B(xo) =

{2Xo, if x., < 12

2xo - 1, if Xo > Y2

So x, is irrational because of the properties of rational numbers.

Similarly, x, = B(Xn-l) is irrational.

Xo = i!(KQWi(KQ} which implies that
21_ 2J

Xo is rational and, therefore, is a contradiction. Hence, the range of x, is infinite.



CHAPTER 3

SOME PROPERTIES OF THE EQUATION

Xn+l = g(x n- X n-l)

ax +b
where g(x, y) =

, a, b, c and d are nonnegative constants.
(cs + d)y

Some of the properties of the function above in conjunction with some theorems

and examples will now be considered.

1. Periodic Solutions and Changing of Variables.

Consider the equation

xn+! = aXJl + b

(ex n + d)x n-I

(3a)

With equation (3a) associate the matrix

M= [� �
of the coefficients

The following are some interesting theorems along with their proofs.

13
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Theorem 3.1: When the determinant of the matrix M IS zero, every

nontrivial solution of equation (3a) is periodic with

(minimal) period 4.

Proof: Assume det M = 0, that is ad = be, B =!:, and assume
d

also without loss of generality that B(ax, + b) = CXn + d.

Then equation (3a) reduces to

Xn+l = _1L, n = 0, 1 .... (3b)
x n-I

So Xn+3 _1L =B .

Kn-I

Xn+l B
= Xn-l

Therefore, x n+4
= X n which proves that every nontrivial solution of equation (3a)

is periodic with (minimal) period 4.

Example: Xn+l = _2_,
Xn-l

Let X-I = 1, Xo = 2

Then x, 2 =2

X-I

2 =1

Xo

2 = 1

Xl

2 =2

X2

So {x.} = (2, 1, 1, 2)
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Theorem 3.2: When the main diagonal of the matrix M is zero, every

nontrivial solution of equation (3a) is periodic with period

3.

Assume the main diagonal of the matrix M is zero, that is

a = ° = d,

Then equation (3a) reduces to the equation

Xn+l = _1L_, n=O, 1 .... (3c)
XnX n-I

withB =12
c

So Xn+2 _1L_.
X n+! x,

B 1
= B·---------------

B
Xn+3

Xn+2Xn+l

B· KJ!
B

Therefore, xn+3
= x,

Hence, every nontrivial solution of equation (3a) is periodic with period 3.
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Example: Xn+1 = _1_, X-I = 2, Xo = 1

XnX n-I

XI 1 =Yz

Xo X-I

X2 1 =1 =2

x, Xo Y2

X3 1 =1=1
X2 x, 1

:. {xn} == (Yz ,2, 1)

Theorem 3.3: When the paradiagonal of the matrix M IS zero, every

nontrivial solution of equation (3a) IS periodic with

(minimal) period 6.

Assume the paradiagonal of the matrix m is zero, that is,

b = ° = c, ad * °

Then the equation (3a) reduces to the equation.

Xn+l =�, n=O, 1 .... (3d)
x n-I

withA= g
d

X n+6
=

Axn+5
= A(Axn+4 J . _1_

xn+4 xn+3 XD+4

1

xn+3

Xn+l
.--

Axn+2



Xn+6

Axn+l
Xn+2

Axn+l

17

= Axn+l.:...Xn = Xn

Axn+l

Hence, Xn+6 = x, which proves that every nontrivial solution of equation

(3a) is periodic with (minimal) period 6.

Example: Xn+l 2 xI!' A = 2, X-I = 2 and Xo = 3

Xn-l

X2 2Xl = 2 . 3

Xo 3

2xJ = 2 . 4/3

X2 2

Xs 2X1 = 2·4/3

X3 4/3

2x� = 2 . 2

X4 4/3

Hence {xn}= (3, 2, 1113, 1113, 2, 3)

Q =3

2

Q =2

3

1 = 11/3

3

Ph

s J = 2

3 4

4·% =3
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Theorem 3.4: When either b = ° and d2 = ac and a2 = bd, every nontrivial

solution of equation (3a) is periodic with period 5.

Furthermore, the change of variables

x, _a_ reduces equation (3a)
dy,

to Yn+l =-Yn_+I_,n=O,1, .... (3e)
Yn-l

Xn+l = axn,_+_b__

(ex, = d)Xn-l

Assume x, = _a_ which implies xn+ 1 .
a

dYn+l dYn+l

and b = ° and d2 = ac

Then a =[a' d:J x 1

dYn+l G _a_ + d ] a

dy, dYn-l

a2 1

dy, d2a + _a_

d2YnYn_l Yn-l

a 1

dy, _1_

+
_ 1_

YnYn-l Yn-l

�+l [ Yn�n-l +-tj � [ Yn�n-l
+ �J�a Yn-l a

�+l �_+I�YD_·
a aYnYn-l aYnYn-l



Yn+l
1 Yn l+y
_+_= __

D

Yn-1 Yn-1 Y n-l

Hence Yn+l = Yrr_+ 1

Yn-l

Now let Yo = a and Yl = b

Then Y2 = Xl-±l b+l

Yo a

Y3 = �+ 1 [\+ 1 + � 1 = b+1+a
Yl b ab

Y4 =:YJ-±l �+a�+a+j a

Y2 b+1

ab
b+l+a

So Ys = Yo = a

Thus by induction, it follows that Yn+5 = Yn.

For every n E N.

19

b + 1 + a + ab

b(b + 1)

(a + l)(b + 1)
b(b + 1)

a+1
b

a2 + a + ab
b+l+a

a(a + 1 + b)
a+l+b

a

Hence, every nontrivial solution of equation (3a) is periodic with period 5.



ExamI!le: Yn+l Yn_±_l ,Let Y-l = 1, Yo = 2

Yn-l

Yl YQ + 1 = 2 + 1 = .J. =3

Y-l 1 1

Y2 Yl_±_l = 3 + 1 = � =2

Yo 2 2

Y3 �_±_l = 2 + 1 = .J. =1

Yl 3 3

Y4 Y3+1=1+1= 2 =1
_-

--

Y2 1 2

Ys Y� + 1 = 1 + 1 = 2 =2

Y3 1 1

So {Yn} = (3,2,1, 1,2)

20
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Theorem 3.5: When a = ° and b c d::j:. 0, the change of variables

x, = �
C

Reduces equation (3a) to the equation
Yn+ I B , n = 0, 1, ....

(Yn + 1) Y n-I

with B = bc2
d3

aXn + b
a = °

(cx ,
+ d)xn_1

'Xn+1

Assume x, = � which implies
c

Xn+l

1
+

= bc 1

d2 +YnYn-l Yn-l

�+l = be 1

C d2 YnYn-l + Yn-l

So Yn+l == bc2• 1 bc2
d3 (Yn + l)Yn-l where B = d3

Hence Yn+l = B

(Yn + l)Yn-l

21

(3f)



Theorem 3.6:
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When c = ° and abd 7= 0, the change of variables

reduces equation (3a) to

Yn+l _______A_yn >
n = 0, 1 ....

(l + Yn)Yn-l (3g)

with A = bd
i

Xn = _b_ which implies that x n+l
= _Q

ay, aYn+l

(a .�+ bJ
So

b aYn
Xn+l =

ayn+l
d

b+ bYn
dYn

aYn_1
.--

b

b (1 + Y n J ay n-I
--_._-

d Yn b

�(l+YnJ' Yn-I

d Yn 1

.. _b_ = � (1 + Y n J .

Y n-I

ay n+1
d Y n

1

. ay n+1
= � . � . _I_

. .

b a 1 + Y n Y n-I

Yn+l bd(�J' _1_
a

2 1 + Y n Y n-I

Ay bd
___

n
_ where A =-

(1 + yJYn-1 a
'



Since A = bd
�

Then

Theorem 3.7:

Y n+l

When a bcd::j:. ° the change of variables

Xn= �
c

reduces equation (3a) to the equation

Yn+l AYn +B

(Yn+1)Yri-l
,n = 0, 1, ....

Let A = ac and B = bc2
d2 "d3

Assume x., = � which implies Xn+ I
= IDJ,+ 1

c

Then Xn+l =� + b becomes

(ex, + d) Xn-l

c

c

�+ 1 adYIL+ b adYIL+ b
c

dYn=l
=

adYn + bc

c d 2
(y n

+ l)y n-ll

(dy, + d) gyn-l
C

23

(3h)

____�a�d_Yn-+�b�c----­
d2 (Yn + 1) Yn-l
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So £lxn+l �+bc
C d2(Yn + 1) Yn-l

acd Yn + bc2

Yn+l c(adYn + bc) d3 7
d3(Yn + 1) Yn-l (Yn + 1) Yn-l

__]&_ Yn + bc2
d2 d3

(Yn + 1) Yn-l

Since A = ac and B = bc2
cf 7

Then Yn+l AYn +B

(Yn + 1) Yn-l

Remark 1: From the theorems above, it follows that the following

statements are true.

(i) When ad - be = 0, every nontrivial solution of equation

(3a) is periodic with (minimal) period 4.

(ii) when a = d - 0, every nontrivial solution of equation (3a)

is periodic with period 3.

(iii) when b = ° = c, every nontrivial solution of equation (3a)

is periodic with (minimal) period 6.
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(iv) In all other cases, a change of variables of the form

x, = AYn or = x, .6:
Yn

reduces equation (3a) to an equation of the form of

equation (3h) with

A . B E [0, (0) and A + B > ° (3i)

and with arbitrary positive initial conditions Y-l and Yo.

2. An Invariant for Xn+1 _---=a=.Jxn + b

(ex, + d) Xn-I

In this section it is shown that equation (3a) possesses the following invariant.

(b + aXn-l + ax, + dXn-l x-) Ic + _!L + _g_ + _£_J = constant (3j)
L Xn-l x, Xn-I x,

That is, for every solution {xn}of equation (3a), there is the identity for

all n = 0, 1, ....

(b + aX-l + axo + dx., xo)

L + _g_ + _g_ + a JXn-I Xn Xn-I x,

� + _Q_ + _g_ + a JX-I Xo X-I Xo

(b + aXn-l + ax, + dXn-l Xn)

This invariant (or first integral) for equation (3a) is a powerful tool in the analysis

of equation (3a). In particular relatively straightforward and simple proofs can be done

to show that every solution of equation (3a) is bounded and persists.
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Theorem 3.8: Every solution of equation (3a) satisfied equation (3j).

If the left-hand side of equation (3h) is denoted by In, then

In+l

for all n = 0, 1, ....

(b + ax, + aXn+l + dx, Xn+l) Ic + _g__ + _g__ + a ]L x, xn+ 1 XnXn+ 1

[b + ax, + a(axn + b) + �(axn±hl ](CXn + d)Xn-l (CXn + d)Xn-l

x [� + d(cxn + d)Xn-l_ + a(cxn + d)X�
Xn (ax, + b) Xn(axn + b)

_(� + b) [(CXn + d)Xn-l + a + dXn]
(CXn + d)Xn-l

x _(9.n + d) [Iax, + b) + dxn-1 x, + aXn-i]
(ax, + bjx,

(b + axn-l + ax, + dXn-l xn) Ic + _g__ + _g__ + a l
L Xn-l x, Xn-l XnJ

and the proof is complete.
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Remark 2: It is worth mentioning that while equation (3j) holds for

equation (3a), it is only meaningful when a + d > O. When

a ;::: 0 = d as we have seen in theorem 3.2, equation (3a)

reduces to the "singular case."

Xn+l = ble ,n = 0, 1, ....

Xn-1Xn

With 12 > 0, every nontrivial solution ofwhich is periodic
c

with period 3, and so equation (3d) clearly has its own

invariant.

Xn-l + x, + b

CXn-IXn

Similar to the invariant for equation (3a), the invariant for

equation (3h)

Yn+l=�'
(Yn + l)Yn-l

is expressed in the following theorem.

Theorem 3.9: When A = ac and B = be2 the invariant for equation (3h) is

d2 d3

(B + AYn-1 + AYn + Yn-l Yn) [ad + �. + � + Yn_,A yn] (3k)
A AYn_1 AYn

constant.
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3. Boundedness and Persistence:

A sequence is bounded and persists if there exist positive constants p and

Q such that p S x, S Q for n = � 1, 0, .... In this section the invariant (3j) is

utilized to show that every solution of equation (3a) is bounded from above and

also bounded away from zero by a positive constant.

Theorem 3.10: Every solution of equation (3a) is bounded and persists.

By remark 2, we need only show that every solution {Yn}

of equation (3h) is bounded and persists. From equation

(3k) it can be seen that

!L + Yn + A2
+ nonnegative terms is a positive

Yn Yn

number, constant for n = 0, 1 ....

Hence {Yn} is bounded from above, and because either B > ° or A> 0, it is

clear that %} is also bounded from above. The proof is complete.



CHAPTER 4

CONCLUSION

In this thesis the behavior of the solutions to two types of difference equations,

first order linear and second order non-linear equations were investigated. Considering

the first type, it was observed that the initial values played a significant role in the

outcome of the solutions and determined whether solutions were oscillatory or not.

Several cases were considered and the results showed particular values of a in the

function f(x) = ax which give rise to equilibrium points, periodic solutions and

boundedness.

In the nonlinear case, periodic solutions were obtained by changing variables to

make calculations less cumbersome. Furthermore, an invariant was discovered which

was used to show that every solution of equation (3a) was bounded from above and also

bounded away from zero by a positive constant.

Finally, difference equations is an exciting area of studies, enhanced by the

computational capabilities of the computer. However, a vast amount of research remains

to be done, in particular, with regard to the theory of nonlinear difference equations

which is relatively unexplored.
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