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In this paper, a new synchronization phenomenon, that is, the simultaneity of synchronization and antisynchronization, is in-
vestigated for a class of chaotic systems. First, for a given chaotic system, necessary and sufficient conditions for the simultaneity of
synchronization and antisynchronization are proved. Then, based on these conditions, all solutions of such synchronization
phenomenon for a given chaotic system are derived. After that, physical controllers that are not only simple but also implementable
are designed to realize the simultaneity of synchronization and antisynchronization in the above system. Finally, illustrative examples

based on numerical simulations are used to verify the validity and effectiveness of the above theoretical results.

1. Introduction

Lorenz firstly proposed the famous Lorenz chaotic system in
1963. From then on, many researchers are stimulated to
investigate the chaotic phenomena, and lots of chaotic
systems and hyperchaotic systems are obtained. Since Pecora
and Carroll first proposed the chaos synchronization
method [1], meanwhile Ott et al. first obtained the chaos
control method [2] in 1990, chaotic systems and their
control problems have attracted significant attention and
have been investigated extensively [3-17]. However, most of
the existing works focus on investigating the same kind of
synchronization in a given system, i.e., all the states of the
master system have the same kind of synchronization with
the corresponding states of the slave system. For example,
when two systems are referred to as completely synchro-
nized with each other, it means that each pair of the states
between the interactive systems is completely synchronous.

In general, coexistence problem is very common, see
[18-22] and the references therein. Recently, a new syn-
chronization phenomenon, that is, the simultaneity of
synchronization and antisynchronization, was firstly found

in the generalized Lorenz system [23]. In this system, the
variables x,,x, of the master system antisynchronize the
variables y,, y, of the slave system, while the variable x; of
the master system synchronizes the variable y, of the slave
system. This new synchronization phenomenon is very in-
teresting not only in applications but also in theory. The
existence of the simultaneity of synchronization and anti-
synchronization problem is a basis for designing a physical
controller. Zhang et al. [23] found this new synchronization
phenomenon, but they did not address some critical theo-
retical questions. For instance, for a given chaotic system,
how to prove the existence of the simultaneity of syn-
chronization and antisynchronization? In addition, if such
new synchronization phenomenon exists, how many solu-
tions can be derived. Therefore, for a given chaotic system, it
is critical to have a systematic method that can be used for
proving the simultaneity of synchronization and anti-
synchronization, deriving all solutions for this type of
synchronization phenomenon and then designing the cor-
responding physical controller. To address this critical
problem, this study is to develop such a systematic method
that can be applied to a class of chaotic systems.
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To realize the simultaneity of synchronization and
antisynchronization in a chaotic system, many methods can
be used, including the linear feedback control method,
nonlinear feedback control method, and dynamic feedback
control method. Among those methods, the dynamic
feedback control method has been widely applied and was
adopted by this study.

In this paper, we investigated the simultaneity of syn-
chronization and antisynchronization problem in a class of
chaotic systems by using the dynamic feedback control
method. At first, the existence of the simultaneity of syn-
chronization and antisynchronization problem of such
system is proved. Then, physical controllers were designed to
realize the simultaneity of synchronization and anti-
synchronization in such system. After that, numerical
simulations were conducted to verify the validity and cor-
rectness of the obtained theoretical results.

2. Preliminary
Consider the following chaotic system:
X =F(X), (1)

where X € R" is the state, F(X) € R" is a continuous vector
function, i.e.,
XE
X B < >,
Xe

(2)
E E E e
F(X)=<F (X))=<F (x ,X)>,
F¢(X) Fe(XE, X°)
XE e R, X¢ € R*™,

R ™,
For system (1), the slave system can be described as

m=>1, FE(X)eR" andF*(X) ¢

Y = F(Y) + Bu, (3)

where Y € R" is the state, F(Y) € R" is a continuous vector
function, B € R™" is a constant matrix, r > 1, and u € R" is
the controller to be designed, i.e.,

YE
()
Y®
BE
()
Be

FE(Y) FE(YE,Y¢)
Foy =" ) =0 ), (5)
Fe(Y) Fe(YE Y?)
where YE e R", Y e RV,
FE(Y) € R, and F*(Y) € R ™.
Let EF = XE + YE and E¢ = Y° — X¢, then the sum and
error system can be described as follows:

E=G(X,Y,E) + Bu, (6)

(4)

m>1,

where E € R" is the state:
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E
E- ( e ) )
(GE (X,Y, E))
G(X,Y,E) =
G°(X,Y,E) ®)
FE(YE,Y*) + FE(XE, X°)
( Fe(yE Ye Fe(xE,Xe) >’
B = FH(Y",v) + F*(X", X°) + B'u, (9)
E = Fe(YE, Ye) - Fe(XE, Xe) + B’u, (10)

where B is given by equation (4).
Next, a definition is presented as follows.

Definition 1. Consider the sum system (9) and the error
system (10). If lim,__,  [IEE (£)|| = 0 and lim,__, |E*(£)] = 0
then the master system (1) and the slave system (3) are called
to achieve the simultaneity of synchronization and
antisynchronization.

To present the proposed method, a lemma is introduced
at first.

Lemma 1 (see [17]). Consider the following system:
x = h(x) + bu, (11)

where x € R" is the state, h(x) € R" is a vector function,
b € R™ is a constant matrix, 1 > 1, and u € R' is the controller
to be designed. If (h(x), b) can be stabilized, then a dynamic
feedback controller u is designed as follows:

u = Kx, (12)

where K = k(t)b", and the feedback gain k(t) is updated by
the following law:

k(t) = —lx ()], (13)

3. Problem Formulation

Consider the following chaotic system:
= f(x), (14)

where x € R" is the state and f (x) € R" is a vector function.

The main goal of this paper is to investigate the si-
multaneity of synchronization and antisynchronization for
the given chaotic system (14) in the following three aspects:

(1) The existence of the simultaneity of synchronization
and antisynchronization.

(2) The solutions of the simultaneity of synchronization
and antisynchronization for this chaotic system.

(3) The implementation of the simultaneity of syn-
chronization and antisynchronization. A simple and
physically implementable controller is designed for
such a problem.
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4. Main Result

4.1. Existence of the Simultaneity of Synchronization and
Antisynchronization. In this section, the necessary and
sufficient conditions for the existence of the simultaneity of
synchronization and antisynchronization are proved for two
given chaotic systems.

Theorem 1. Consider the chaotic system (1). Its existence of
the simultaneity of synchronization and antisynchronization
can be realized by the controllers in the following form:

u= H(EE,Ee,X),

(15)
H(0,0,X) =0,
if and only if
F*(x*,Xx°) = -F*(-Xx", X°), (16)
F(x%,Xx°) = F(-Xx", X°). (17)

Proof (necessity). According to the nonlinear control the-
orem, Ef =0 and E° =0 should be the equilibria of the
following systems:

E" = FE(Y",v*) + F*(X%, X°)

(18)
= FE(EE - xE B+ XE) + FE(XE,XE),
E = Fe(YE,Ye - F° XE,Xe) "
= Fe(EE -xEE+ Xe) - FE(XE,XE), (19)
respectively.
It results in
FE(—XE,Xe) + FE(XE,Xe) =0,
20
Fe(—XE,Xe) - FE(XE,Xe) =0, (20
i.e., equations (16) and (17) hold. O

Proof (sufficiency). If equations (16) and (17) hold, which
implies that EX = 0 and E°® = 0 are the equilibria of systems
(18) and (19), respectively. Thus, the simultaneity of syn-
chronization and antisynchronization for the given chaotic
system can be realized by the controller u given in equation
(15).
Especially, if
FE(XE, X°) M (X®)XE
F(X) = = , (21)
Fe(XE, X°) N (XF)xe
where N (-X%) = N (XE), system (1) becomes
X" = M(x%)xE,
. (22)
X* = N(xP)xe,

and the simultaneity of synchronization and anti-
synchronization of system (22) holds. O

Theorem 2. Consider the chaotic system (14). Its existence of
the simultaneity of synchronization and antisynchronization
if and only the following algebraic equation about «

filax) =« f (%),
(ax) = a,f,(x),
sz .2f2 (23)
folax) = a,f,(x),
has a solution in the following form:
o -1
: -1
‘Xisfl
Y= a |=| -1 [&s (24)
is+1 1
o 1
where  s>1 is  the  number of a =-1,
i;eA={1,2,...,n}, j=12,...,n, and «a is giv}en as
f{)llows:
& 0 0 - 0
0 ay 0 - 0
a=[ 0 0 a; --- 0 |, (25)
00 0 - a
| =1, ieA (26)

Proof. For system (14), the uncontrolled slave system is
given as

y=rf (27)

where y € R" is the state.
Lete = y — ax, where o is given in (25), then the sum and
error system is

e=f(y)-af(x), (28)

where e € R" is the state.

Then, the existence of the simultaneity of synchroni-
zation and antisynchronization in system (14) if and only if
e = 0 is the equilibrium point of system (28), i.e.,

fO)-af(x)=f(ax)—af(x) =0,

which completes the proof. O

(29)

4.2. Solutions of the Simultaneity of Synchronization and
Antisynchronization. We can obtain all solutions of the
simultaneity of synchronization and antisynchronization in
the given chaotic system (14) by solving equation (23).
After proving the existence of the simultaneity of syn-
chronization and antisynchronization in a given chaotic



system (1), the question about how to find a nonsingular
transformation matrix T to transfer system (14) into system
(1) will be raised naturally.

In general, according to the solutions of the algebraic
equation (23), we can find the matrix T by the following
algorithm:

Algorithm 1. k = 1; let s be the number of a; = -1, j € A,

min{j|a; = -1, j € A}2i, (30)
while k<s do
k=k+1, (31)
min;eyfa; = =1, j#iy, iy oigy [ (32)
Then, let
X7 i
xF = Xg | (33)
xi) \x
Next,
k=s+1, (34)
min{j|a; =1, j € A} i (35)
while k<#n do
k=k+1, (36)

min{a; = 1, j#i, 5000 oig s j € A} Zip. (37)

Then, let
X§+1 xis+1
X = X?” - x’}“ . (38)
Xz X;

By Algorithm 1, the nonsingular transform matrix T can be
obtained as follows:

iy
8n

T=| & |, (39)

o = )

where ij €A j=12,...,n
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For example, for the chaotic system, x = f (x), x € R®,
and f(x) €e R*. Ifa; =-1,a, =1, anday = -1, then s = 2,
i, =1, i, =3, and i; = 2. By Algorithm 1, we obtain

& & 100
T=|62 =] 8 |=|001] (41)
&5 & 010

By T, the system x = f(x) is transferred into the fol-
lowing system:

X = F(X), (42)
1 XE X1
X=| X, =<Xe)=Tx= x3 |»
X3 X2
F(X) = 11::1 g; = ( P X ) (43)
: Fe(XE, X°)
F3(X)
fr1(x)
=Tf(x)=| f3(x)
fz (x)

4.3. Implementation of the Simultaneity of Synchronization
and Antisynchronization. In this section, a simple and
physically implementable controller is designed for the
implementation of the simultaneity of synchronization and
antisynchronization.

According to the results in [16], we propose the fol-
lowing theorem.

Theorem 3. Consider the sum system (9) and error system
(10).

If (G(X,Y,E), B) can be stabilized, then the controller u
is designed as follows:

u=KE, (44)

where K =k(t)BY, and k(t) is updated by the following
update law:

k = —ylEI%, (45)

and y >0, which implies that the master system (1) and the
slave system (3) reach the simultaneity of synchronization and
antisynchronization.

Proof. Since (G(X,Y,E), B) can be stabilized, according to
Lemma 1, the controller u is designed as equation (44). O

5. Illustrative Examples Based on
Numerical Simulations

In this section, two examples based on numerical simula-
tions are used to demonstrate the validity and effectiveness
of the derived theoretical results.
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Example 1. The Lorenz system [24]:

10(x, — x,)
f1 (x)
i=f)=| fr0 | =] R 0%G  (46)
f3(x) Rt

According to the algebraic equation (24),
fi(ax) —a; f1(ax) =10(a, — a;)x, =0,
Falax) —ay fr (ax) = 28 (ay — o)) — (a3 — ay) x5 = 0,

f3(ax) —as f5(ax) = (o0, — a3)x;x, =0,

(47)
and it results in
o, =a,
a0 = ay, (48)
a0, = a,.

By solving equation (48), a solo solution can be obtained:

ail lxl -1
/3(2) — “iz =| a, =| -1 |. (49)
05,‘3 [ 23 1

By Algorithm 1, it results in

& & 100
T=|68 |=|&|=l010] (50)
o8 & 001

Thus, let X* = (x,,x,)" and X¢ = x;; the Lorenz system
(46) is rewritten as follows:

x" = F¥(X),
(51)

X = F(X),
FE(X) = M(X°)XE, (52)
MX) = -10 10 (53)

\28-x° -1)
e 8 e E~,E
F(X) = X"+ X1 X;. (54)
Then, the slave Lorenz system is given as
Y =F(Y)+Bu, (55)
YE

' :< re )

(56)

E
F(Y) =<F (Y)),
Fe(Y)

5
F*(v) = M(Y°)Y", (57)
T e (IR (58)

( )_(28—Ye —1)’
F(Y) = —gye +Yr Y, (59)
BE BE

()}

(60)

()

Let EF = XF + YFand E¢ = Y* — X*; then, the sum and
error system is given as

E=G(X,Y,E) + By, (61)

E= ( iE ) (62)

where B is given by equation (60) and u is the controller to be
designed.

Considering the following uncontrolled sum and error
system,

E

) E E
| = —10EF + 10E%,

Ej = 28EF — EF - EPES - X¢EF + XTES, (63)
. 8

E = B+ EFEE - XFEE - XEEE,

if EX =0, then the following system

-E E
E, = -10E%,
. (64)
et E RE
By = —E5 - By,

is globally asymptotically stable.
Thus, (G(X,Y, E), B) can be stabilized, and according to
Theorem 3, the controller is designed as

u=KE=k(t)B'E=k(t)(0 1 0)E=k(t)E5,  (65)

E = —10EF + 10EF,

E; = 28EF — Ef — EVES - XSEP + XPES + k(DEE,  (66)
. 8

E - B+ E'EY - xPEF - XFEF,

and k(t) = —||E|)%.
To demonstrate the validity and correctness of the de-
rived theoretical results, numerical simulation is conducted

by  setting the following initial  conditions:
x,(0) = 1.2, x, (0) = —2.3, x5 (0) = 3.2,
y1(0) =5.8, y,(0) = -6.2, y5(0) =7.1, and k(0)=-1.

Figure 1 shows that the sum and error system is asymp-
totically stable; Figure 2 shows that the states of the master



30

25+ ¢ 1
20} ¢ |

15} 1

E rE
EE, EE ES

Time (t)
R E]%
B

FIGURE 1: The sum and error system is asymptotically stable.

xEy¥

E yE
» Y3

X8, Y

Time (t)

FIGURE 2: Xf,Xf,Xg and Yf,Yf,Y‘;, respectively.

system (49) and the controlled slave system (53), respec-
tively. Figure 3 shows that the feedback gain k() tends to a
constant.

Example 2. The Chen-Lee system [25]:

e —X,X3 + 5x;

1 (x

i=f)=| fr0 | =] % 710% 1 (67
f3(x)

1
—X1X%, — 3.8x
371%2 3
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Time (t)

FiGuRre 3: k(t) tends to a constant.

where x € R® is the state and f(x) € R® is a continuous
vector function.
According to the algebraic equation (23), it results in

Q03 = &),
X103 = Ky, (68)
a0 = Ay

There are three solutions for equation (68), i.e.,

& o, -1
51(2): a =] a [=] -1 | (69)
&, o 1
i 0(1 -1
B =| &, |=] a5 |=| -1 |, (70)
i oy 1
i 061 -1
2
D=l o, |=| a |=| -1 (71)
iy a3 1
For the solution given in equation (69),

a, =landa, = a; = 1.
By Algorithm 1, it results in

& & 010
T=|6:|=|8& |=[001] (72)
&5 8 100

Thus, let X = (XE, XE)T = (x,, x;)7, X¢ = x,; then, the
Chen-Lee system (67) is rewritten as follows:
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2t
4 |
-6 ' ' ' ' ' ' ' ' '
0 1 2 3 4 5 6 7 8 9 10
Time (t)
— EE
.. gE
E3
E5

FIGURE 4: The sum and error system is asymptotically stable.

X" = F(x",x),
(73)
X =F(X, x°),
F*(x*,X°) = M(X°)X", (74)
-10 X¢
M(X%) = , (75)
~X° -3.8
3
F(X%,X) = 5X° - X1 X3, (76)
and F°¢(XE, X¢) = F¢ (-XE, X°).
Next, the slave Chen-Lee system is given as
Y' = FE(Y5,Y%) + By,
(77)
Y= F(Y5,Y%) + By,
FE (Y5, Y*) = M(Y*)Y", (78)
-10 Y°
M(Y)={ 1, , (79)
Y -38
3
F(Y5Y%) =57 - Y(Y3, (80)
g (00
10)/) (81)
B°=(0 1),

and F°(YE,Y?) = F¢(-YE, Y®); the controller u is designed
as follows:

E vE
XE yE

E vE
XE vE

Time (t)

e
3

X5,

Time (t)

Ficure 5: XE, XE, X¢ and YE,YE, Y4, respectively.

Time (t)

FIGURE 6: k() tends to a constant.

" 010 (k(t)E§>
u=KE=k(t)B E=k(t)< )E= ,
001 k(t)ES

(82)

and k(t) = —||E|*.
Similarly, for this example, numerical simulation is

conducted by setting following initial conditions:
x,(0) = 1.2, x, (0) = 3.1, x5 (0) = 1.2,
y1(0) =4.8, y,(0) =-3.2, y5(0) =7.6, and k(0)=-1.

Figure 4 shows that the sum and error system is asymp-
totically stable; Figure 5 shows the states X%, X%, X§ and
YE,YE, Y%, respectively. Figure 6 shows that the feedback
gain k(t) tends to a constant.

For solutions given in equations (70) and (71), similar
results can be obtained by the same procedure:



6. Conclusions

In this paper, we investigated a new synchronization phe-
nomenon that is the simultaneity of synchronization and
antisynchronization for a class of chaotic systems. We de-
veloped a systematic method that can be used for proving the
existence of the simultaneity of synchronization and anti-
synchronization, deriving all solutions for this type of
synchronization phenomenon and then designing the cor-
responding physical controllers. To verify the validity and
effectiveness of the theoretical results, two illustrative ex-
amples based on numerical simulations were provided.

In the future, microcontroller-based applications and
predefined-time chaos synchronization problem need to be
developed based on the results of this study.

Data Availability
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provide simulation programming, which can be obtained
from the corresponding author upon request.
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